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Abstract. The main goal is to interpret the Askey- Wilson function and the corresponding 
transform pair on the quantum SU{1, 1) group. A weight on the C*-algebra of continuous 
functions vanishing at infinity on the quantum SU{1, 1) group is studied, which is left and 
right invariant in a weak sense with respect to a product defined using Wall functions. The 
Haar weight restricted to certain subalgebras are explicitly determined in terms of an infin- 
itely supported Jackson integral and in terms of an infinitely supported Askey-Wilson type 
measure. For the evaluation the spectral analysis of explicit unbounded doubly infinite Ja- 
cobi matrices and some new summation formulas for basic hypergeometric series are needed. 
The spherical functions are calculated in terms of Askey-Wilson functions and big g-Jacobi 
functions. The corresponding spherical Fourier transforms are identified with special cases of 
the big q-Jacobi function transform and of the Askey-Wilson function transform. 



1. Introduction 

The motivation for the study in this paper is twofold. On the one hand we are in- 
terested in the study of the simplest non-compact semisimple quantum group, namely the 
quantum SU{1, 1) group, and in particular in its corresponding Haar functional. This 
quantum group is resisting any of the theories on locally compact quantum groups like 
e.g. [38]. On the other hand we are interested in special functions associated to quan- 
tum groups, and in particular in the so-called Askey-Wilson functions. Let us first say 
something on the second subject, which is our main concern. 

A very general set of orthogonal polynomials in one variable is the set of Askey-Wilson 
polynomials introduced in 1985 in [5]. As the title of the memoir indicates, Askey-Wilson 
polynomials can be considered as g-analogues of the Jacobi polynomials which are orthog- 
onal on [—1, 1] with respect to the beta integral (1 — a;)"(l + a;)^. The Jacobi polynomi- 
als are the polynomial solutions of the hypergeometric differential operator, whereas the 



1991 Mathematics Subject Classification. Primary 17B37, 33D55, 33D80, secondary 43A32, 43A90, 
46L89, 47B15. 

Key words and phrases, quantum SU{1, 1) group, Haar functional. Wall functions, Jackson integral, 
Askey-Wilson integral, q-Jacobi functions, Askey-Wilson functions, spherical function, spherical Fourier 
transforms, spectral analysis, summation formulas. 

Typeset by A/^-T^ 

1 



2 



ERIK KOELINK AND JASPER STOKMAN 



Askey- Wilson polynomials are the polynomial solutions of a certain second-order differ- 
ence operator. The Jacobi polynomials naturally arise as spherical functions on rank one 
compact Riemannian symmetric spaces. On the other hand, the spherical functions on 
non-compact rank one Riemannian symmetric spaces can be expressed in terms of Jacobi 
functions, which are non-polynomial eigenfunctions of the hypergeometric differential oper- 
ator. The corresponding Fourier transforms are special cases of the Jacobi function trans- 
form in which the kernel is a Jacobi function. By now these Jacobi function transforms, 
containing as special cases the Fourier-cosine and Mehler-Fock transforms, are very well 
understood, see e.g. the survey paper [32] by Koornwinder and references therein. There 
are inversion formulas, as well as the appropriate analogues of the theorems of Plancherel, 
Parseval and Paley- Wiener. Furthermore, there are several different approaches to the 
study of the L^-theory of the Jacobi function transform. One particular approach is by 
spectral analysis of the hypergeometric differential operator on a weighted L^-space. 

Although the Askey- Wilson functions arc known, see [19], [49], [55], [56], as are all the 
solutions to the Askey- Wilson second order difference equation and their interrelations, 
it was not yet known what the appropriate Askey- Wilson function transform should be. 
The reason for this is our lack of understanding of the Hilbert space on which the Askey- 
Wilson difference operator has to be diagonalised. In case the Jacobi functions have an 
interpretation as spherical functions, the weighted L^-space can be obtained by restricting 
the Haar measure to functions which behave as a character under the left and right action 
of a maximal compact subgroup. In this paper we show how the study of the Haar 
functional on the quantum SU{1, 1) group can be used to find the right Hilbert spaces 
as weighted L^-space and this is one of the main results of this paper. The actual analytic 
study of the Askey- Wilson function transform is done in another paper [29], and that of 
the appropriate limit case to the big Jacobi transform is done in [28]. This is for two 
reasons. The quantum group theoretic approach does not lead to a rigorous proof, and 
secondly the interpretation on the quantum group only holds for a restricted set of the 
parameters involved. It has to be noted that the Askey- Wilson function transform that 
occurs in this paper is different from the orthogonality relations introduced by Suslov [55] , 
[56], sec also [9] for the more extensively studied little g-Jacobi case, which is analogous to 
Fourier (-Bessel) series. 

The motivation for the method we employ is the relation between special functions and 
the theory of group (and quantum group) representations. The Jacobi polynomials occur 
as matrix coefficients of irreducible unitary representations of the compact Lie group SU (2) 
and the Jacobi functions arise as matrix coefficients of irreducible unitary representations 
of the non-compact Lie group SU{1, 1) = 5'L(2,M), see [60], [61], [32]. These groups are 
both real forms of the same complex Lie group SL{2, C). In the theory of quantum groups, 
the quantum analogue of the complex case SL{2, C) is much studied, as is the quantum 
analogue of the compact SU (2), see e.g. [10]. One of the first indications that the relation 
between quantum groups and special functions is very strong, is the interpretation of the 
little g-Jacobi polynomials on the quantum SU{2) group as matrix elements on which the 
subgroup K = S{U{1) x U{1)) = U{1) acts by a character. Since we can view little g-Jacobi 
polynomials as limiting cases of the Askey- Wilson polynomials, this is a first step. The 
breakthrough has come with Koornwinder's paper [35] in which he gives an infinitesimal 
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characterisation of quantum subgroups. This gives a one-parameter family of quantum 
subgroups, which we denote by Kf. The subgroups Kf and Ks are formally conjugated, 
see [50, §4]. Then the matrix elements on which Ks, respectively Kt, acts by a character 
from the left, respectively right, can be expressed in terms of Askey-Wilson polynomials. 
The in-between case of the big g-Jacobi polynomials can be obtained in a similar way. 
As a corollary to these results we get from the Schur orthogonality relations an explicit 
expression for the Haar functional on certain commutative subalgebras in terms of the 
Askey-Wilson orthogonality measure. For the spherical case, i.e. the matrix elements that 
are left and right invariant under K, we state this in the following table for the quantum 
SU (2) group. The spherical case is the important case to calculate. 



subgroups 


Haar functional 


spherical functions 


{K,K) 

{K,Kt) 


Jackson integral on [0, 1] 
Jackson integral on [— t, 1] 
Askey-Wilson integral 


little Qf-Legendre polynomials 
big Q'-Legendre polynomials 
2-parameter Askey-Wilson polynomials 



Table 1.1. Spherical functions for SUq{2) 



For the quantum SU{1, 1) group the matrix elements that behave nicely under the 
action of the subgroup K — S{U{1) x U{1)) = U{1) have been calculated explicitly by 
Masuda et al. [41] and Vaksman and Korogodskii [57]. These can be expressed in terms 
of little g-Jacobi functions, and the Haar functional is also known in terms of a Jackson 
integral on [0,oo), see [21], [22], [42], [57]. This gives rise to the first line in the following 
table. 



subgroups 


Haar functional 


spherical functions 


{K,K) 


Jackson integral on [0, oo) 
Jackson integral on [— t, oo) 
Askey-Wilson type integral 


little g-Legendre functions 
big g-Legendre functions 
2-parameter Askey-Wilson functions 



Table 1.2. Spherical functions for SUq{l, 1) 



The purpose of this paper is to prove the last two lines of Table 1.2. The proof of the 
explicit expression for the Haar functional in the last two cases of Table 1.2 is the main 
result of this paper. Koornwinder's proof for the cases in the compact setting listed in 
Table 1.1 cannot be used here, but the alternative proof using spectral theory and bilinear 
generating functions given in [31] can be generalised to the quantum SU{1, 1) group. For 
this we give an expression for a Haar functional on the quantum SU{1, 1) group in terms of 
representations of the quantised function algebra. In the last section we then formally show 
how the big g-Jacobi function transform and the Askey-Wilson function transform can be 
interpreted as Fourier transforms on the quantum SU (1,1) group. Because the Fourier 
transforms associated with SU{1, 1) are special case of the Jacobi function transforms, 
see [32], we view the big g- Jacobi and Askey-Wilson function transform as g-analogues 
of the Jacobi function transform. The complete analytic study of the big g-Jacobi and 
Askey-Wilson function transform is developed in [28] and [29] . 
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We expect that the Askey- Wilson function transform will play a central role in the 
theory of integral transforms with basic hypergeometric kernels. Indeed, in the polynomial 
setting, the Askey- Wilson polynomials have had a tremendous impact in the theory of 
basic hypergeometric orthogonal polynomials. Furthermore, the Jacobi function transform, 
which we consider as the classical counterpart of the Askey-Wilson function transform, has 
turned out to be an important integral transform in the theory of special functions and its 
applications. In particular, due to the quantum group theoretic interpretation of Askey- 
Wilson functions in this paper, we may expect that appropriate non-polynomial analogues 
of the results on Askey-Wilson polynomials in e.g. [13], [14], [27], [34], [44] exist. 

The theory of locally compact quantum groups has not yet reached the state of ma- 
turity, but see Kustermans and Vaes [37], [38]. The quantum SU{1, 1) group does not fit 
into these theories because it lacks a good definition of the comultiplication defined on 
the C*-algebra level, see [62] , and without a comultiplication it is not possible to speak of 
left- and right invariance of a functional. In §2 we propose a weak version of the comul- 
tiplication, in the sense that we define a product for linear functionals in terms of Wall 
functions. Then we can show that our definition of the Haar functional is indeed left- and 
right invariant with respect to this weak version of the comultiplication. 

Let us now turn to the contents of this paper. In §2 we introduce the quantum 
SU{1, 1) group and a corresponding C*-algebra, which can be seen as the algebra of con- 
tinuous functions vanishing at infinity on the quantum SU{1,1) group. We work here 
with a faithful representation of the C*-algebra, and we can introduce a weight, i.e. an 
unbounded functional, that is left and right invariant in the weak sense. This analogue 
of the Haar functional is an integral of weighted traces in irreducible representations of 
the C*-algebra. In §3 we recall some facts on the algebraic level, both for the quantised 
algebra of polynomials on SU (1,1) and for the quantised universal enveloping algebra. 
This part is mainly intended for notational purposes and for stating properties that are 
needed in the sequel. In §4 we prove the statement for the Haar functional in the second 
line of Table 1.2. This is done by a spectral analysis of a three-term recurrence operator 
in £^(Z) previously studied in [11]. In §5 we prove the statement for the Haar functional 
in the third line of Table 1.2. A spectral analysis of a five-term recurrence operator in 
£^(Z) is needed, and we can do it by factorising it as the product of two three-term recur- 
rence operators. The factorisation is motivated by factorisation results on the quantum 
group level. At a certain point. Lemma 5.5, we require a highly non-trivial summation 
formula for basic hypergeometric series, and the derivation by Mizan Rahman is given in 
Appendix B. The result is an Askey-Wilson type measure with absolutely continuous part 
supported on [—1, 1] plus an infinite set of discrete mass points tending to infinity. In §6 
we mainly study the spherical Fourier transforms on the quantum SU{1, 1) group. In this 
section we have to take a number of formal steps. We show that the radial part of the 
Casimir operator corresponds to a 2-parameter Askey-Wilson difference operator and we 
calculate the spherical functions in terms of very-well-poised 8^'7-series. By the results of 
[29] we can invert the spherical Fourier transform and we see that the Plancherel measure 
is supported on the principal unitary series representations and an infinite discrete subset 
of the strange series representations. Finally, Appendix A contains the spectral analysis 
of a three-term operator on £^(Z) extending the results of Kakehi [21] and Appendix B, 
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by Mizan Rahman, contains a number of summation formulas needed in the paper. 

Notation. We use N = {1,2,...}, Z>o = {0, 1, . . . }, and is a fixed number with < q < 1. 
For basic hypergeometric series we use Gasper and Rahman [17]. So for k G Z>o U {oo} we 
use the notation (a; q)k — Y[i=o ~ ^Q^) ^^or g-shifted factorials, and also (ai, ... , a^; q)k = 
111=1 ('^i! Q)k- The basic hypergeometric series is defined by 

fai,...,ar \_^ {ai,...,a,- q)kz'' (. ^\k{k-i)y^^~'' 
\bi,...,bs J {q,bi,... ,bs;q)k \ / 

whenever it is well-defined. The series is balanced if r = s + 1, bi . . .bg = qa\ . . . a^+i and 
z = q. The series is called very-well-poised if r = s + 1, qcii = 02^1 = 0362 = . . . = ag+i^g 
and a2 = q^/oi, 03 = —qy/oi- For the very-well-poised series we use the notation 

/ ai,qal,-qa^,a4,...,as+i 
s+iWs{ai;a4,...,as+i;q,z) = s+i(Ps\ 11 . , ;q,z 

\a{ , -a{ , qai/a4, ... , qai/ag+i 

_^ l-a,q^^ im,a, a.+i:q},z' 

l-ai {q,qai/a4,. . . ,qai/as+i;q)k 

Acknowledgement. We are grateful to Mizan Rahman for his crucial help, which resulted in 
Appendix B. We thank Tom Koornwinder for giving us access to unpublished notes, that 
have served as the basis for Appendix A, and for creating the stimulating environment 
at the Universiteit van Amsterdam, where both authors were based when this project 
began. The second author is supported by a NWO-Talent stipendium of the Netherlands 
Organization for Scientific Research (NWO). Part of the research was done while the second 
author was supported by the EC TMR network "Algebraic Lie Representations" , grant no. 
ERB FMRX-CT97-0100. We thank Alfons Van Daele, Johan Kustermans, Erik Thomas 
and Hjalmar Rosengren for useful discussions. 

2. The quantum SU{1, 1) group 

The quantum SU{1, 1) group is introduced as a Hopf *-algebra. In §2.1 we describe 
its irreducible *-representations in terms of unbounded operators. In §2.2 we use these 
representations to define a C*-algebra, which we regard as the algebra of continuous func- 
tions on the quantum SU (1, 1) group which tend to zero at infinity, and we define a Haar 
weight on the C*-algebra. The Haar weight and the C*-algebra are the same as previously 
introduced for the quantum group of plane motions by Woronowicz [62] and also studied 
by Baaj [6], Quaegebeur and Verding [48], Verding [59]. We define a new product on 
certain linear functionals in terms of Wall functions, which refiect the comultiplication of 
the quantum SU{1, 1) group. For this product we show that the Haar weight is right and 
left invariant. 
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2.1 Representations of Aq{SU{l, 1)). We first recall some generalities on the quantum 
SL{2, C) group and a non-compact real form, the quantum SU{1, 1) group, see e.g. Chari 
and Pressley [10] or any other textbook on quantum groups. Let Aq{SL{2,C)) be the 
unital algebra over C generated by cu, /3, 7 and S satisfying 



where 1 denotes the unit of Aq{SL{2,C)) and < < 1. A linear basis for this algebra 
is given by | k,l,m e Z>o} U {5'=/3^7"^ \ k e N,l,m e Z>o}. This is a Hopf- 

algebra with comultiplication A: Aq{SL{2,C)) ^ Aq{SL{2,C)) ® Aq{SL{2,C)), which is 
an algebra homomorphism, given by 



and counit s: Aq{SL{2,C)) —>■ C, which is an algebra homomorphism, given by e{a) = 
s{S) = 1, e{P) = £(7) = 0. There is also an antipode S: Aq{SL{2,C)) ^ Aq{SL{2,C)), 
which is an antimultiplicative linear mapping given on the generators by S{a) = d, S{f3) = 
—q~^l3, 5'(7) = — 57 and S{d) = a. We say that a linear functional h: Aq(SL{2^C)) C 
is right invariant, respectively left invariant, if {h ® id)A(a) = h{a)l, respectively (id 
h)A{a) — /i(a)l, in Aq{SL{2, C)). So /i is a right invariant Haar functional if and only if 
h-ku) = Ui){l)h for any linear functional u: Aq{SL{2,'C)) — > C, where the product of two 
linear functionals cj, uj' is defined hy uj -k uj' = {uj ® uj') o A. 

With Aq{SU{l, 1)) we denote the *-algebra which is Aq{SL{2, C)) as an algebra with 
* given by a* — 5, j3* — 57, 7* = S* — a. So Aq{SU{l, 1)) is the *-algebra generated 

by a and 7 subject to the relations 

(2.2) Q!7 = q'ya, 0:7* = Q7*Q!, 77* = 7*7, aa* — ^^7*7 = 1 = a*a — 77*. 

This is in fact a Hopf *-algebra, implying that A and s are *-homomorphisms and 5 o * is 
an involution. In particular, 

(2.3) A(q;) = ct (g) ct + Q7* (g) 7, A(7) = 7 (g) a + a* (g) 7. 

We can represent the *-algebra Aq{SU{l, 1)) by unbounded operators in the Hilbert 
space £^(Z) with standard orthonormal basis {ck | /c G Z}. Since the representation 
involves unbounded operators we have to be cautious. We stick to the conventions of 
Schmiidgen [52, Def. 8.1.9]: given a dense linear subspace "D of a Hilbert space H, a 
mapping tt of a unital *-algebra A into the set of linear operators defined on "D is a *- 
representation of A if 

(i) 'n'{ciai+C2a2)v = Ci7r{ai)v+C27r{a2)v and 7r{l)v = v for all e ^, Cj e C (z = 1, 2) 

and all v E V, 

(ii) Tv{b)V C V and Tv{ab)v = 7r(a)7r(6)f for all a,b E A and all v E V, 

(iii) (7r(a)f , = {v, Tv{a*)w) for all a e ^ and all v,w eV. 



(2.1) 



aP = qPa, 0:7 = q^a, (35 = qSP, ^6 = qS^, 
Pi = 7/3, a5 — q(3^ = 5a — q~^Pi = 1, 



A(a) = a(ga + /3(g7, 
A(7) = 70Q!-|-50 7, 



A(/5) = a®/3 + /3^d, 
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Note that (iii) states that the domain of the adjoint 7r(a)* contains T> for any a e A and 
7r(a)*|x> = 7r(a*), so that 7r(a) is closeable. See also Woronowicz [62, §4]. 

By V{Z) we denote the dense subspace of £^(Z) consisting of finite hnear combinations 
of the standard basis vectors e^, k & Z. 

Proposition 2.1. (i) Let A G C\{0}. There exists a unique *- representation ttx of 
Aq{SU{l,l)) acting on £^(Z) with common domain ViZ), such that 



'K\{a)ek = \Jl + \X\'^q '^'^ ek+i, 'JT\{^)ek = Xq ^ et, 
nx{a*) \Jl + |A|2g2-2fe g^_^^ 7rA(7*) Cfe = Ag"'' e^. 

(ii) The ^-representation tt\ is irreducible and for \ ji & R = {z & C \ q < \z\ < 1) 

the * -representations n\ and are inequivalent for \ ^ [x. This m,eans that the space 
of intertwiners /a,^ = {T e B{P{Z)) \ T{V{Z)) C V{Z), Tn^{a)v = nx{a)Tv, Va e 
Ag{SU{l, 1)), Vf G T^iZ)} equals {0} for \^ \x, A, G -R and equals C ■ 1 for A = //. 

Remark. These are precisely the representations described by Woronowicz [62, §4]. 

Proof. To prove (i) we observe that 7r\{a) preserves V{Z) for a G {a, a*, 7, 7*} so that we 
have compositions of these operators. It is a straightforward calculation to see that these 
operators satisfy the commutation relations (2.2). It follows that ttx uniquely extends 
to an algebra homomorphism tta of Aq[SU{l, 1)) into the algebra of linear operators on 
T>{Z). It remains to prove that {7r\{a)v,w) = {v,7r\{a*)w) for all a G Aq{SU{l,l)) and 
v,w E T>{Z), which follows from checking it for the generators a = a and = 7. 
For (ii) we fix an intertwiner T G Ix,ij.- Then 

(2.4) Ag-'^Tefe = T{nx{^)ek) = n^{^){Tek), k e Z, 

so Tcfc = for aU A; G Z if A/x~^ q^. If A, G R, then A//~^ ^ g^ 44> A 7^ /x. Hence, 
I\,fj, = {0} for X, jj, e R with A ^ /i. 

If A = /U, then it follows from (2.4) that Tet = CkCk for some Ck G C. Since T 
commutes with 7rx{a), it follows that Ck is independent of k, proving that /a,a = C • 1. □ 

Remark. There is a canonical way to associate an adjoint representation tt^ to the represen- 
tation tta, see [52, p. 202], by defining its common domain as the intersection of the domains 
of all adjoints, V* — r\aeAq{su{i,i))1^{'^x{0')*): and the action by 7r^(a) = 7rA(o*)*|x>* • For 
the domain T>(Z) we do not have self-adjointness of the representation tta- However, if we 
replace the common domain of tta by 

00 00 
5(Z) = {Y1 Cfc efc G £'(Z) I J2 ^"'"''Icfel' < 00, Vn G Z>o} 
fc=— 00 fe=— 00 

we do have tt^ = tta, i.e. the domains and operators are all the same. Indeed, observe that 
T^Mrr) = {ET=-ooCkek e iH^) I Er=-oo?""'cfcefc G e{Z)} and hence V* C S{Z). 
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By [52, Prop. 8.1.2] this implies that the representation by unbounded operators is self- 
adjoint. 

Having the irreducible *-representations of Proposition 2.1 we can form the direct in- 
tegral *-representation tt = (27r)~^ J^^ 7Tg,i4. d(f), see [52, Def. 12.3.1], with its representation 

space {27t)-^ J^"" i^{Z)d(j) ^ L'^{T;P{Z)) equipped with the orthonormal basis e*^"^ ® Cm 
for x,m e Z. The common domain is by definition 

(2.5) V{L^{T; f{Z))) = {/ G L'^{T; f{Z)) \ f{e"^) G V{Z) a.e. and 

e'^ ^n^i^{a)f{e"^) e L\T;e^{Z))Wa e Ag{SU{l,l))}. 

The last condition means in particular that {2n)~^ J^^ \\nei4>{a)f{e^'^)\\'^d4> < oo for all 
a e Aq{SU(l, 1)). In this case V(L'^(T;i'^{Z))) is dense in L^{T;i^{Z)) since it contains 
finite linear combinations of the basis elements e*^*^ C?) Cm- The action of the generators 
of Aq{SU{l, 1)) on the basis of L^(T;£^(Z)) can be calculated explicitly from Proposition 
2.1: 



-,2-2m „ia;<^ 



Lemma 2.2. T/ie direct integral representation tt = (27r) ^ Jq^'^ VTgi.^, d(j) is a faithful repre- 
sentation of the *-algebra Aq{SU{l, 1)), i.e. 7r(C)/ = for all f e V{L^{T;i^{Z))) implies 
C = m Ag{SU{l,l)). 

Proof. The action of the monomial basis of Aq{SU (1,1)) under the representation tt is 
given by 

7r(a^(7*)V)e^^'^ (8)6/ = q-^^'+'\-q-^^;q-^)h'^''^'~'^^ ^ ei+r, 
7r{{a*Y{^*y^*)e'P' ® ei = q-Ks+t)e ^_^2-2i . ^2)igi(p+t-.)e ^ 

It easily follows that tt is a faithful representation of Aq{SU{l, 1)). □ 

In the next subsection we give a coordinate-free realisation of the representation tt. 
2.2 The Haar functional. Let L^(X, //) be the Hilbert space of square integrable func- 



tions on X = T X g U {0} with respect to the measure 

/oo ^ „27r 

Then the map ip: L'^{T; £'^{Z)) L'^{X, /i) given by 

(2.6) V: e*""^ ^ (^fa,,m-- z ^ {-^X) 
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is a unitary isomorphism. Observe that 'ipn{'y)ij; ^ = M^, ?/j7r(7*)'0 = M^, 'il;n{a)ip ^ = 
M0-^p^7|^Tq and 'ip7r{a*)'ip~^ = M^^^-^pj^T"^, where Mg denotes the operator of multi- 

phcation by the function g and Tq is the qf-shift operator defined by {Tqf){z) = f{qz). 

These formulas for the action of the generators of Ag{SU{l,l)) under the faithful 
representation •i/;7r (■)'(/' ~^ suggest the following formal definition for the C*-algebra of con- 
tinuous functions on the quantum SU{1, 1) group which vanish at infinity: it is the C*- 
subalgebraof i3(L^(X, //)) generated by M^, g e Co(X), and the qf-shifts Tq±i, where Co(X) 
is the C*-algebra consisting of continuous functions on X which vanish at infinity (here X 
inherits its topology from C, and the C*-norm is given by the supremum norm || ■ ||oo)- In 
other words, one replaces the unbounded action of the subalgebra C[7,7*] C Aq{SU{l, 1)) 
on L^{X,iJ,) by the bounded, regular action of Co{X) on L'^{X,iJ,). 

To make the construction rigorous we use the notion of a crossed product C*-algebra, 
see [47, Ch. 7] . The crossed product needed here is the same as for the quantum group of 
plane motions, see Baaj [6] , Woronowicz [62] . Let us recall the construction in this specific 
case. For k E Z we define the automorphisms of Co{X) by Tf~{f) = {Tq)^ f . Then 
(Co(X),Z, r) is a C*-dynamical system, see [47, §7.4]. 

Let £^(Z; Cq{X)) be the ^-"^ -functions /: Z — > Cq{X) with respect to the norm = 
Zlnez ll/nlloo- The subspace Cc(Z; Co(X)) = {/: Z ^ Cq{X) \ #supp(/) < oo} is dense 
in £^(Z;Co(X)). Furthermore, 1^{'L\Cq{X)) is a Banach *-algebra, with *-structure and 
multiplication given by 

oo 

(2.7) {nn = rn{{f-nr\ {fg)n= fkrk{9n-k). 

fc=— oo 

The crossed C*-product Co{X) Z is by definition the strong closure of £^{Z;Co{X)) 
under its universal representation, where the universal representation is the direct sum of 
the non-degenerate *-representations of i'^{Z; Co{X)), see [47, §7.6]. We regard Co{X) x^-Z 
as the quantum analogue of the C*-algebra consisting of continuous functions on SU (1, 1) 
which vanish at infinity. 

We interpret the faithful *-representation tt of §2.1 as a non-degenerate representation 
of Co{X) x^ Z in the following way. Let tt be the regular representation of Co{X) on 
L'^{X,ij.), and let -u: Z — B{L'^{X, fi)) be the unitary representation defined by Unf = 
{Tq)^f. Then (tt, u, L^(X, /x)) is a covariant representation of the C*-dynamical system 
(Co(X),Z, r), i.e. 7f(Tn/) = Wn7r(/)'U* for all / G Co{X) and n e Z. In the notation of 
[47], we get a non-degenerate representation % = n x u of Cq{X) x,- Z on L^{X, /i), which 
is defined on Cc(Z; Co{X)) by 7r{f)g = Enez ^(/n)(^«nS')- More explicitly, we have 

{7T{f)g){z) = J]/n(%(g"^), / e Ce(Z;Co(X)), g e L\x,^^), x e X. 

The *-representations n^ie of §2.1 can also be considered as a covariant representation of 
Co{X) Xt-Z. Let the representation tv^xb: Co{X) i3(£^(Z)) of the commutative C*-algebra 
be defined by ngie{f)ei — /(g~^e*^)ei, and let the unitary representation u: Z — >• i3(£^(Z)) 
be defined by tt„ = t/", where t/:£^(Z) — £^(Z), i— > Cfc+i is the shift operator. Then 



10 



ERIK KOELINK AND JASPER STOKMAN 



this gives a covariant representation. The direct integral representation {2n) ^ Jq^ TTgis d9 
in (27r)-i J^"" dO ^ L'^{T- is equivalent to tt using V as in (2.6). 

Remark. The matrix elements of tt with respect to the orthonormal basis fk,h k,l & Z, of 
L^(X, //), see (2.6), give the linear functionals 

1 C'^^ 

<:i\f) = W)fk,l, fr,s)L^ix,,) = ^J^ fs-i{q-^e^')e^^^-^^'de 

for / G Cc(Z; Co(X)), which can be uniquely extended by continuity to a linear functional 
on Cq{X) Z. Note that 

r,y&Z 



Proposition 2.3. tt is a faithful representation of Cq{X) Z. 

Proof. Recall that tt is the regular representation of Co{X) on I/^(X, /i). The regular rep- 
resentation of Co{X) Xt-Z induced by tt, which we denote here by p, acts on £^(Z; L'^{X, /j,)) 

by 

{p{f)9)n{z) = ^ (7r(T_n(/m))^n-m)(^) = ^ fm{q~''z)gn-m{z) 

for / e Cc(Z; Co(X)), G ^^(Z; L2(X, ^u)) and ^ G X, see [47, Ch. 7]. ExpUcitly, the action 
of p in terms of the orthonormal basis gk,i,m — ^k{-)fi,m, k,l,m E Z, of £^(Z; L^(X, //)) is 
given by 

p{f)9k,i,m = E / /.-fc(g— '^e^^)e^('-^)^d^) 

So the closure Hm of span{(7fcj^^ | A;, / G Z} is an invariant subspace for p and we have 
the orthogonal direct sum decomposition £^(Z; L^(X, //)) = ^mezHm- From the explicit 
formulas for tt and p with respect to the orthonormal basis fk,i, k,l eZ, of L'^{X, p,), respec- 
tively 5rA;,«,,„, k,l,m G Z, oi£^{Z;L^{X,p)), it follows that L'^{X,p) Hm, fi,k ^ gk-m,l,m 
is a unitary intertwiner between tt and pIh^, so that p ^ ®mei^ representations of 
Co(X) x,- Z. By [47, Cor. 7.7.8] we know that p is a faithful representation of Cq{X) x^-Z, 
hence so is tt. □ 

Recall that a weight on a C*-algcbra A is a function /i: [0, cxo] satisfying (i) 

h{\a) = A/i(a) for A > and a G A+, (ii) /i(a + 6) = h{a) + /i(6) for a, 6 G A+. The weight 
h is said to be densely defined if {a G \ h{a) < oo} is dense in A'^. Furthermore, we 
say that h is lower semi-continuous if {a G A'^ \ h{a) < A} is closed for any A > 0, and 
that h is faithful if h{a*a) = implies a = in A. A weight can be extended uniquely 
to N^Nh = {a*b I a, 6 G Nh}, where Nh = {a E A \ h{a*a) < oo}. See Combes [12, §1], 
Pedersen [47, Ch. 5] for general information and for application of weights in quantum 
groups see Kustermans and Vaes [37] , Quaegebeur and Verding [48] , Verding [59] . 



FOURIER TRANSFORMS ON THE QUANTUM SU{1, 1) GROUP 



11 



Let hhe a, lower semi-continuous, densely defined weight on A. The GNS-construction 
for weights gives a Hilbert space Hh and a representation ah of A in Hh and a linear map 
A/i from Nh = {f E A \ h{f*f) < 00} onto a dense subspace of Hh satisfying 



(iii) the representation ah is non-degenerate, i.e. the closure of the linear span of 
elements of the form ah{f)g forf&A and g e Hh equals Hh, 

(iv) the map Ah'- Nh — > Hh is closed. 

Properties (i) and (ii) hold by the general GNS-construction of weights, see [12, §2], 
and properties (iii) and (iv) follow since h is lower semi-continuous, see [12, §2], [59, 
Prop. 2.1.11]. If h is faithful, we obtain Hh as the Hilbert space completion of Nh with 
respect to inner product {f,g) — h{g*f). 

The following theorem has been proved by Baaj [6, §4] in the setting of weights on 
von Neumann algebras and later in the C*-algebra framework by Quaegebeur and Verding 
[48, §4], Verding [59, §3.2]. 

Theorem 2.4. Let h = Efcl-00 Q~^''^k k' then h is a densely defined, faithful, lower 
semi- continuous weight on Co{X) x^- Z. 

Remark 2.5. Note that Cc(Z;Cc(X)) C Nh, since for / e Cc(Z;Cc(X)) we have /*/ e 
Cc{'^;Cc{X)) so that ^kkU*f) = for /c sufficiently large. Also, the dense subspace 
C c{'^', C c{X)) of Cq{X) Xj- Z is contained in N^Nh, so that the Haar functional is well- 
defined on C,(Z; Cc{X)). Indeed, take g^"^^ G Cc{Z; Cc{X)), gL""\x) = 6n,ou^'^\x), where 
tt*^™) is a compactly supported approximate unit in Cq{X) with support in < 
Then (^("^))* e Nh, and g^"^^ f = / for / G ^(Z; CriX)) and m sufficiently large. 

Remark. We regard Hh in this paper as the g-analogue of the L^-functions on SU{1, 1) 
with respect to the Haar measure. It was shown by Baaj [6] and Quaegebeur and Verding 
[48] that Hh is isomorphic to £^{Z^). This corresponds nicely with the fact that SU{1, 1) 
is a three-dimensional Lie group. 

2.3 Invar iance of the Haar functionaL The weight h is left and right invariant when 
considered as a weight corresponding to the quantum group of plane motions, see Baaj 
[6, Thm. 4.2]. For this we have to have the comultiplication of the quantum group of 
plane motions on the C*-algebra level, and this has been done by Woronowicz [62]. This 
seems not to be possible for the quantum SU{1, 1) group, see Woronowicz [62, Thm. 4.1]. 
However we can introduce the comultiplication for the quantum SU (1,1) group on the 
C*-algebra level in a weak form, and then the Haar weight is also left and right invariant. 
For this we first have to encode the comultiplication as in (2.3) in terms of a product for 
the matrix elements. See Baaj [6] for a similar procedure for the quantum group of plane 
motions. 

Lemma 2.6. For x,m, k E Z define the normalised Wall function by 



(i) h{f*g) = {Ah{g),Ah{f)) for aU f,ge Nh, 
(u) ah{f)Ah{g) = Ahifg) for all / G A and all g G N^, 




00 



( 



,2+2x-2k 



,2+2x 
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The product of linear functionals oj^ ^ given by 



is well-defined as a linear functional on Co{X) x^- Z. 

Remark 2. 7. In order to motivate the definition of Lemma 2.6 let us first consider the case 
of the compact quantum SU{2) group. The analogue of the representations n^io are in 
terms of bounded operators on £^(Z>o) and the tensor product decomposition TTgis (E)TTgi^ = 
{2n)~^ J^^^ n^i^ d(f) holds, see [33], [53]. Moreover, the Clebsch-Gordan coefficients are 
explicitly given in terms of Wall polynomials, see [33] , and the Clebsch-Gordan coeflBcients 
are determined by a spectral analysis of the compact operator {TTg^ie <S> 7reiv)A(7*7). This 
is done by interpreting this operator as a three-term recurrence operator, i.e. as a Jacobi 
matrix, corresponding to the Wall polynomials. The Clebsch-Gordan coefficients then 
determine the product uj-ku)' = {uj^uj') o A of the matrix elements a;, cu', see also [6, Prop. 
4.3] for the quantum group of plane motions. For the quantum SU{1,1) group we can 
formally follow the same method using the representations TTgie as in §2.1. In this case we 
have from Proposition 2.1 and (2.3) 

(TTe.e ® 7re.^)A(7*7) Cfc ® 6/ = (^-^'^(l + q'^^) + q-^\l + q^~^^))ek ® ei 
+ e^(^-^)g-^-^-i ((1 + q-^'^){l + q'^^)) ^e,+i ® q+i 

+ e*(^-^)^-'=-'+i((l + q^-^^){l + q^-^')Yeu-i ® e^_i. 

Hence, the unbounded operator (TTgie ^TTgiv.) A(7*7) leaves the subspace {T>{Ij) xV{Z))nHx 
invariant, where Hx is the closure of span{eA;-a; ® Ck \ k e Z}, so that = -^^(Z) for any 
a; e Z. Restricting the unbounded symmetric operator (TTgie ® 7rgi^)A(7*7) to V{Hx) gives 
an unbounded symmetric three-term recurrence operator in -^^(Z), i.e. a doubly infinite 
Jacobi matrix, of the form 

L Cfc = Ofc Cfc+i + 6fc ca: + au-i Ck-i, ak > 0, bk e M, 

where is given by e^^^'^~^^ek-x ® ^k- This operator fits into the general framework as 
studied in Appendix A. Since we have solutions in terms of Wall functions, see Gupta et al. 
[18, §5], as well as the asymptotically well-behaved solutions we can work out the details. 
We find that the elements 

fcez 

are eigenvectors of (TTgis ® 7rgii/.)A(7*7) in for the eigenvalue g"^"^, m e Z. The vectors 
are contained in the domain of the adjoint L*. Using contiguous relations we can formally 
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show that the action of (TTeie^Trgiv) A(a), a e Aq{SU (1, 1)), on is the same as the action 
of TT on the orthonormal basis {/x,m} of L^(X, //) by identifying with fx,mi see (2.6). 
However, L has deficiency indices (1,1) and there is no self-adjoint extension of L possible 
such that these eigenvectors are contained in the domain of the self-adjoint extension of 
L, so the {F^} are not orthogonal, see [11]. Note that this observation corresponds to the 
no-go theorem of Woronowicz [62, Thm. 4.1]. Ignoring this problem and regarding the 
*-representations (TTgis <S> 7rgi-4,)A in £'^{Z x Z) and tt in L^{X,fi) equivalent and using the 
identity, see [11, (4.3)], 



-IS — Z 
m 1 

mGZ 



(2.8) ei®es^Y^ ^-l)m^i^l^{l-s)^i(m-s){9-^) fs-l(^^^ ps 

we formally can rewrite 

2 I' 'It: 2 tt 

{ujli®ujy^)o A= — / e~'''^e~'y'''{{TT^ie®TT^i^)/\{-)ei®es,ek®er)ded'^ 

as the linear combination of Lemma 2.6 using (2.8). So we cannot make this method 
rigorous, but the results of [28, §2] suggest that we should consider L on a bigger Hilbert 
space. Finally, we note that for the quantum group of plane motions the interwining 
operator consisting of the Clebsch-Gordan coefficients can be used to find a multiplicative 
unitary, see Baaj [6, §4]. For the quantum SU{1, 1) we only obtain a partial isometry and 
we do not expect a multiplicative unitary from this construction. 

Proof of Lemma 2.6. Since |a;^;(/)| < ||/|| for any / e Cq{X) Z, it suffices to show 
that 

oo 
n= — oo 

is absolutely convergent. Since {/^(/c)}mez G ^^(Z), 1 < p < oo, see the next lemma and 
the remark following it, this follows immediately. □ 

Lemma 2.8. Forx, m^k e Z the Wall functions of Lemma 2.6 satisfy f^^{k) — f^{k+x). 
Furthermore, for a; > 0, 

2-2fc _ 2-2m. 2N5 ( _ 2+2x . 2\ ( Jk-m){l+x) m <k 

1/^ {k)\ < — ' ' ^ ' in ^ fo, 



(_g2-2fe+2a;. g2^|^(-g2. g2^^ \ q^'^ A;)(l+x)g(m fe)(m k 1)^ m>k. 

Remark. The £^-behaviour of {/m(^)}m=-oo follows from Lemma 2.8, since for fixed x 
and k we see f^(k) = ^(^-^(i+la^l)) as m ^ -oo and f^{k) = e)(5i^("^-i)5^(i+«^-2fc)) 
as m — > oo using the theta product identity 

(2.9) {aq\ q^-^/a; g)oo = {-a)-\-"-^^^-^\a, q/a- g)oo, a e C\{0}, e Z. 
Proof. First observe 

(2 10) V = (gl-n+p. ^ (g^^""; g)ooCp+n 
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for n e Z provided that the sums are absolutely convergent. Applying this with n = —x 
gives f-'^ik) = f^ik + x). 

In order to estimate /^(A;), a; > 0, we use the following limit transition of Heine's 
formula, see [17,(1.4.5)], 

(2.11) (c; g)oo iv?i(a; c; g, z) = {z; q)oo i(pi{az/c\ z\ g, c), 

to rewrite the i<^i-series in the definition of the Wall function as follows 

„2+2a;-2fc \ 

. „2 „2+2fe-2m \ _ 

^2-2m 



(2-\-2x 2k \ 
~1 .„2 2+2fe-2m\ 

^2+2a; 1 

/ _ 2-2m \ 
/ 2+2fc-2m. 2n / Q 2 „2+2x \ _ 

{q '5 )ool^l (^^2+2fe-2m'^ J- 

oo / 2— 2m 2\ 

Y^^^2+2k-2m+2l.^2^ J-Q ^ ^ Q ) I ^_-^y ^1(1-1) ^1(2+2.) _ 



1^0 



Note that for k — m > the sum starts at Z = 0, but for k — m < the sum actually starts 
at / = m — /c, cf. (2.10). In case k > m we estimate the right hand side of (2.12) termwise 
to find the bound 

/_ 2-2m. 2^ J J{2+2x) _ f_„2-2m _^2+2x. 2n 

by [17, (1.3.16)]. Combining this with the definition of /^(fc) gives the desired estimate in 
this case. 

In case m > k we rewrite the sum on the right hand side of (2.12), by introducing 
I = n + m — k, as, cf. (2.10), 

/ 1 \m — k {m—k){m—k — l) {'m—k){2+2x) ( 2 — 2m. 2\ 

\ ^ ) H y \ H 1 I >m — k 

°° f'-«2-2fc.„2\ 
^ V^/ 2+2m-2fe+2n. 2\ \ H )n ( i \n^n(n-l) ^2n(l+a+m-fc) 

^ Z^w jy joo (^2. q2^ \ ^) 1 y 



n=0 



n 



and the sum is estimated by (— g^ 2fc^ _^2+2a;+2m 2fc.^2^^ ^ ^_^2 2k ^ _^2+2x.^2-^^ 
the same way. This gives the result for the case m> k. □ 

In {Co{X) Xt- Z)* the set {co^ i} is linearly independent. This follows by applying 
it to the elements gk,i,m £ C'c(Z; Cc(X)), see Proposition 2.3. So we have a well-defined 
product on linear functionals from B C {Co{X) Xj- Z)*, B being the space of finite linear 
combinations of the functionals u)^ For u & B we extend the definition of the product to 

u-khhy requiring that for any / G Cc(Z; Cc{X)) the expression (a; -k J2k=-N ?~^'^'^A; k) if) 
converges as — > cxo. By definition, the resulting expression is {uj ★ h){f). We choose 
Cc(Z;Cc(A:)) C Co{X) Xr Z because h is defined on Cc(Z; Cc(A:)), see Remark 2.5. A 
similar definition is used for h-ku. 
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Theorem 2.9. Let ^ e L^^i^, A*) be a finite linear combination of the basis elements fx,m, 
x,m & Z, see (2.6), and let uj^{f) = (7r(/)^, ^)i2(x,/i) be the corresponding element from 

B C {Cq{X) Xj. Z)*. Then h is right and left invariant in the sense that {uj^ ★ h){f) = 
\\^fh{f) = {hicio^){f) for all f in the dense subspace Cc(Z;Cc(X)) of Co{X) Z. 

The theorem can be extended using the same argument to iv^^r/ h = {^,r])h = h -k 
u^^ri for uj^^rjif) = (7r(/)^, '?7)l2(x,;u), where ^,r] are finite hnear combinations of the basis 
elements fx,m: x,m E Z. 

We start by proving a crucial special case. 

Lemma 2.10. h -k uj^s = dyfidr,sh and uj^ i -k h — 6x,oSk,ih on Cc{Z;Cc{X)). 
Proof Take / e Cc(Z; Cc{X)) and consider 

AT oo N 

k=-N n=-oo k=—N 

Note that the sum over n is finite. Lemma 2.8 implies {^"'^/n+s (*)}fe^-oo ^ ■^^(^)» since 
q~''fn+sis) = e)(g-'^(i+l"l)) as ^ -oo and q-''fn+sis) = 0{q^^^^-^\^^'^-^'-''^) as 
A; — > oo. So we can take the limit N ^ oo. Recall that 

oo 

(2.13) E 5"'Vr'(^)&r-.(r) = 

fc= — oo 

which is [11, (4.3)] for the special case a and c replaced by s — m and in base g^. 

Now we can use (2.13) to find {h-kijoy^g){f) = 5y^r-a5r,s Yl,n=-oo 5~^'^'^n,n(/)) which is the 
desired result. 

For the other statement we proceed analogously, now using 

oo 

E fn+i-kir) f:-\r) q-'^ = 5k,iq-^\ 

r= — oo 

which is the same sum as (2.13) using f^^{k) = f^{k + x), see Lemma 2.8. □ 

Proof of Theorem 2.9. Let ^ = Yl"^ s=-oo^x,s fx,s ^ L'^iX.y) with only finitely many 
ix,s ^ 0, then = Er,s,2/ez(Ea;-a;'=2/ ix' ,8ix,r)^^,s^ SO that for / G Cc(Z; Cc{X)) we have 

oo 

(2.14) {hi.u^){f) = E (-i)'^"^e-,re.-r+.,.g-'Vn;'(^)/;;r(0<;w.(/), 

r,s,x,n,k= — oo 

provided that the sum is absolutely convergent. If this holds, we can use (2.13) to find the 
result. The Cauchy-Schwarz inequality applied to (2.13) gives 



(2.15) E \<l~"'fn+s{s)f:^+';{r)\<q 



—2n—r—s 



k= — oo 
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Use of the estimate (2.15) for the sum over k leads to the termwise estimate 



(2.16) ^2 \Cx,r\\^x-r+s,s 



-2n—r—s I, ,r— s 



r,s,x,n= — oo 



^n-\-r,n+s{f)\ 



^ ] \^r,s (/)l^ ^ ] |Ca;+r,r— n| |^a;+s,s— n|) 



r,s= — oo 



a;,n= — oo 



for the right hand side of (2.14). The sum over a;, n is estimated by \\^\\^, and ojl~/{f) = 
for r > N, |r — s| > M for some N,M E N. Hence, the sum is absolutely convergent for 
/ e Cc(Z; Cc{X)) and the result follows. For uj^-kh we proceed analogously. □ 

Remark 2.11. We can rewrite the Haar functional /i in a coordinate free way. Use the co- 
variant representation TTgie of Co{X) x^-Z to get u)^ i{f) = (27r)~-'^ Jo^ {^e^*^ {f)^ii efc)e~*^^ d9 
and introduce the unbounded operator Q: V{Q) ^^(Z), ^ Q~^Gkj which is self-adjoint 
on its maximal domain ©(Q) = {^^^ Ck^k I kfcpQ'"^^ < oo}- We can rewrite h defined 
in Theorem 2.4 by 

(2.17) hif) = ^j^\rU.^^)i7rMf)Q')de 

for any / G Co{X) Xj- Z such that 7T^ie{f)Q'^ is of trace class and 9 ^ T^\e'2(z){T^e^^if)Q'^) 
is integrable. Note that for any decomposable operator T G i3(L^(T; £^(Z))), i.e. T — 
{27t)-^ J^"'T{e'^)de, with T{e'^)Q'^ of trace class in £^{Z) and 9 ^ Tr|^2(z)(T(e'^)g2) 
integrable we can define h{T) by (2.17). Note that the order of the operators in the trace 
in (2.17) is important. E.g. define the bounded operator 5' on £^(Z) by Sck — e_fc for 
A; > and Se^ = for A; < 0, then Q'^S is of trace class and SQ"^ is unbounded. 

Remark 2.12. Recall that every element from the algebra Aq{SU {1,1)) can be written 
uniquely as a sum of elements of the form Q!^7^p(7*7), A;, / G Z>o, Q;'^(7*)V(7*7)7 ^ ^ Z>o, 
/ G N, (a*)Vp(7*7), I e Z>o, A; G N, and (a*)^(7*) V(7*7), A;, / G N, where p is a polyno- 
mial, cf. Theorem 3.6. We can give a meaning to the Haar functional evaluated on such 
elements if we change p from polynomials to sufficiently decreasing functions. Let us do 
this explicitly for an element of the first type. Applying 7rg»e we see that a:'^7'p(7*7) cor- 
responds in the representation -K^ie to the operator U^e'^^^{—Q'^:,q~'^)^Q^p{Q'^) on £^(Z), 
where U:£'^{Z) — > -^^(Z), e/. i— > Ck+i, is the unilateral shift. Hence, for a function p sat- 
isfying X^j.ez(~^~^'^' < we see that the corresponding operator 
times is of trace class on £^(Z). Its trace is non-zero only for A; = 0, and for A; = we 
have Tr|£2(^)e*^^(5^''~^p(<5^) = e*^^ ^^^^ q'~'''^'+^)p((j~^^). Integrating over the circle gives 
zero unless / = 0, hence for p sufficiently rapidly decreasing we have 

°° 1 
/i(a''7^p(7*7)) = 4,o5z,o Y] q~^'^p{q~^'') = Sk,o5i,oz ^ p{x)dq2X, 
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where the last equality defines the Jackson ^-integral on (0, oo). In a similar fashion the 
Haar functional applied to any of the other types of elements of Aq{SU{l, 1)) described in 
the beginning of this remark gives zero. So we see that Theorems 2.4 and 2.9 with Remark 
2.11 correspond precisely to [41], [42, Lemme 2.2], [57]. So we have linked the Haar func- 
tional to the Jackson integral on (0, oo) when restricted to the subalgebra corresponding 
to the self-adjoint element 7*7, see [21], [22], [57] for the further analysis. 

3. The quantised universal enveloping algebra and self- ad joint elements 

In this section we gather the necessary algebraic results on the quantised universal 
enveloping algebra [/g(su(l, 1)), which is the dual Hopf *-algebra to Aq{SU{l,l)) intro- 
duced in §2, see [10] for generalities on quantised universal enveloping algebras and Hopf 
*-algebras. The proofs of all statements in this section are analogous to the correspond- 
ing statements for the compact quantum SU{2) group, see [25], [26], [27], [35], and are 
skipped or only indicated. The main idea is due to Koornwinder [35] resulting into a 
quantum group theoretic interpretation of a two-parameter family of the Askey- Wilson 
polynomials as spherical functions. Then Noumi and Mimachi, see [43], [45], [46], have 
given an interpretation of the full four parameter family of Askey- Wilson polynomials, see 
also [25], [26], [27]. As indicated by the results in [30] the algebraic methods apply to 
Uq{su{l, 1)) as well in case of the positive discrete series representations. 

3.1 The quantised universal enveloping algebra. This subsection is a reminder and 
is used to fix the notation. The material of this subsection is standard, and we refer to 
e.g. [10] for further information. By t/q(sl(2, C)) we denote the algebra generated by A, 
B, C and D subject to the relations, where < g < 1, 

^2 _ r)2 

(3.1) AD = 1 = DA, AB^qBA, AC = q-^CA, BC-CB = ^. 

It follows from (3.1) that the element 

is a central element of C/q(5t(2, C)), the Casimir element. The algebra Uq{s{{2, C)) is in fact 
a Hopf algebra with comultiplication A: t/g(s[(2, C)) t/g(s[(2, C)) ® t/q(sl(2, C)) given by 

1^{A) = A®A, A{B)=A®B + B®D, A{C) = A® C + C ® D, A{D) = D®D. 

The Hopf algebra C/g(sl(2,C)) is in duality with the Hopf algebra Aq{SL{2,C)) of the 
previous section, where the duality is incorporated by the representations of Theorem 3.1. 
There are two ways to introduce a *-operator in order to make ?7q(sI(2,C)) a Hopf *- 
algebra. The first one is defined by its action on the generators as follows; A* = A, 
B* = -C, C* = -5, D* = D. Wc call the corresponding Hopf *-algebra t/g(su(l, 1)). 
The other *-structure is given byA^ = A, B^ — C, — B, = D. The corresponding 
Hopf *-algebra is denoted by C/q(su(2)). Note that f]* = = f]^. 
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Theorem 3.1. (See [10, Ch. 10]) For each spin I e |Z>o there exists a unique {21 + 1)- 
dimensional representation of t/q(5((2,C)) such that the spectrum of A is contained in 
q'^^. Equip C^'"*"^ with orthonormal basis {e^}, n = —I,— I + 1,... ,1 and denote the 
representation by t^ . The action of the generators is given by 



(3.3) 



t'(A)et, = g-X, t^{D)e^^ = q-e 
t\B) ei = ^ ^-^^ ^ e 





-1 _ ql-n+l'^^q—l—n _ ql+n^ 


q ^ - q 




— q^~'^)[q^^~'"'~^ — ^'+'^+1) 



n-l 



^ (^) — _ ^ ^n+li 



where e\_^_-^ = = e_i_^. 



The representation of Uq{sl{2, C)) is not a *-representation of Uq{su{l, 1)), but it is 
a *-representation of Uq{su{2)). 

Then Aq{SL{2, C)) is spanned by the matrix elements X i-^ t[j^^(X) = (t'(X)e[^, e[j), 
and the hnk is given by 



t^ 



(3.4) = 



Also 



1 _i _i 1 

2 ' 2 2 ' 2 



J-2 J-2 

1 _i i i 

2 ' 2 2 ' 2 



a (3 
7 5 



o? ^/lTq^(3a (3^ 

(3.5) t^ = I ^T+^^a 1 + { q + q- ')f3^ V^Tq^SP 

3.2 Self-adjoint elements in Aq{SU{l,l)). The definition of the self-adjoint elements 
in Aq{SU{l, 1)) we give here is strongly motivated by the paper by Koornwinder [35] for 
the compact quantum SU{2) group and the results of [30] for the positive discrete series 
representations of Uq{su{l, 1)). We define 

(3.6) Ys = q^B -q-^C+ ^^TT^i^ - D) e Uq{su{l, 1)), 

then Yg is twisted primitive, i.e. A{Ys) — A^Yg + Yg^D, and YgA — (YsA)* is self-adjoint 
for s e ]R\{0}, and without loss of generality we assume |s| > 1. The convention is 

(3.7) Yoo = fim s{q-^ - g) ^ = fim s'^q'^ -q)Ys = A- D. 

s— >0 s— »oo 

The definition of Yg is as in [30] . 

Then t\YsA) G Mat2z+i(C) is completely diagonalisible. Since the proof is completely 
analogous to the proof of [35, Thm. 4.3], we do not give the proof here. 
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Lemma 3.2. The tridiagonal matrix t^Yg A) is completely diagonalisible with spectrum 

Xy{s) = -^ _ ^ y e {-1,-1 + 1,... , I}, 

and corresponding eigenvector 

' ^„4:l.„-2\h 



n=-l {q^;q^)i-n 



where 

-N N f q-'^,q-'',cq''-^ 



Rn{q-^ + cq--'';c,N;q) = ,^2[^^ ^ ;q,q 

is a dual q-Krawtchouk polynomial. 

It is straightforward to check that t'(KjA)*, where * denotes the adjoint of a (2/ + 1) x 
(2/ + l)-matrix, equals -t''{Y_sA), since (l^A)^ = -Y_sA. Note that Xy{-s) = -Xy{s), 
Xy{s) = X-y{s-^), and that Ay(s) 7^ Xy'{s) for y ^ y', y,y' E {-I,.. . ,1} ii s'^ ^ g^^. 

Next we define the matrix elements with respect to the basis of eigenvectors of t''{YsA) 
by a'j(s,t)(X) = {t''{X)vj{t),vl{—s)) for real s,t satisfying \s\, \t\ > 1, so that 

al^{s,t){XYtA) ^ X,{t)al{s,t){X), 

and 

al^{s,t){YsAX) = {t^{Xy,{t), {t^{Y,A)yvl{-s)) 

= -{t'iX)v'^it),t'iY_sA)vli-s)) = -K{-s)a\j{s,t)iX) = K{s)a\j{s,t)iX). 

Or, using the notation X.^, ^.X e Aq{SL{2, C)) with X,Y e Uq{sl{2, C)) for the elements 
defined by X.C{Y) = CiYX) and CX{Y) = C{XY), we have 

(3 8) = ^j(t)a[j('^t)^ <^iji^,t).iYsA) = Xiis)a[^is,t), 

Yt.b[^{s,t) = Xj{t)D.b[^{s,t), b[^{s,t).Ys = Xi{s)blj{s,t).D 

for b\ j{s,t) = A.a[ j{s,t). Here we have used X.{Y.^) = {XY).^, {C.X).Y = t{XY) and 
{X.$^).Y = X.{$^.Y), i.e. the applications X.^ and ^.X define mutual compatible left and 
right actions of Ug{sl{2, C)) on Ag{SL{2, C)). 

As before assume s,t G M, \s\, \t\ > 1. Write Vy{s) = Yln=-i ^yi^)nGln ^^en a[j{s,t) = 

T.L,m=-l^j(t)mVi{-s)nt'n^^ and b\j{s,t) = T.l,m=-l ^jit)mV[{-s)nq~"'ti^m: siuCC WC 

have A.t^^ ,^ = q~'^t^n,m- The case Z = | of Lemma 3.2 gives 

i ill 1 1 i 

v^i (s) = s~ ef^i + e? , f 1 (s) = sef^i + ef 
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and using (3.4) we get 



's.t 



(3.9) 
with 

as,t = q^Oi + q~^tl3 - q^s^ - q~^st5, ps,t = q^ta + p - stj - sS, 

{•^■^^) 1 _i ^ 1 _1 c- c- i _i ^ 1 _1 c- 

ls,t = —q^sa — q '^stp + q^^ + q ^td, ds,t = —q^ sta — q ^sp + q'^t^ + q '^6 
Similarly, using the vector spanning the kernel of t^iYgA)-^ 

^0 («) = q e_i + + ei 

yi + r 

and (3.5) we see that h\ Q{s,t) equals, up to an affine transformation, 

1 
2 



Ps,t = + + + + {t + t-^){qd-f + Pa) 



^2 - + s-')(97« + m -it + t-')is + s-')P^) 

= ^ («' + + 9(7' + (7*)') + qit + 1-')(«*7 + 7*«) 
- g(s + s"^)(7a + a*7*) - ^(t + t"^)(s + 5-^)77*). 

Remark that (3.8) remains valid for ps^t instead of 6q q(s, t), since 1 G Ag(5'L(2, C)) satisfies 
Yt.l = = I.K5. Observe that ps^t = Ps^^,t^^ = Pt ti since s and t are real. 

Remark 3.3. There is also a certain symmetry between s and t. To be explicit, let 
Aq[SU (1, 1))°PP be the opposite Hopf *-algebra, see e.g. [10], then interchanging 7 and 7* 
gives a Hopf *-algebra isomorphism ij): Aq{SU{l.,l)) — > ^q(S'?7(l, 1))°pp which maps ps^t 
to p-t-s- 

We calcidate the Haar weight on the subalgebra generated by the self-adjoint element 
Ps,t e Aq{SU{l, 1)) in §5 explicitly. 

The following limit case plays an important role in the sequel; 

(3.12) poo,t = hni ^p,,t = lim — p,,^ = 7a + + (t + t-^)?-i/?7 

s->o q s-»±oo qs 

= a*7* + 7a + (t + t"^)77*. 

This element also satisfies poo,t = Poo,t±i — Poo,t; ^ind we calculate the Haar weight on the 
subalgebra generated by the self-adjoint element poo,t ^ ^q{SU{l., 1)) in §4 explicitly. We 
need the appropriate limit case of (3.10): 

aoo,t = lim as,t = q^a + q~hp, Poo,t = Ps,t = q^ta + q~^P, 

(3.13) , , . . 
7oo,t = hni7s.t = + Q 2t5, 5oo,t = hm 5s,t = g2t7 + g 2^. 

S—^0 S^O 

Note that we can express the elements defined in (3.10) in terms of these elements by 

(^s,t = <^oo,t ~ S7oo,t, Ps,t = Poo,t ~ Sf^oo,*) 
ls,t = 7oo,t - SQ!oo,t, (>8,t = (>oo,t - sPoo,t- 
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3.3 Cartan decomposition. The matrix elements t^,^, / G |^>o, n,m e {—I,— I + 
1,... ,1} form a linear basis for Aq = Aq{SL{2,C)). Put = spanc{t^^^ | n, m = 
— Z, . . . , Z} for Z e ^^>o- Note that 6^ ^(s, t), n,m E {—I, —l + l,... , Z}, form a basis for 
Alj{SL{2, C)) as well if s^, ^ ^2Z_ 

Proposition 3.4. Lei s^,t^ ^ q'^^. 

(i) Let ^ e Aq, I e |Z>Oj a {s,t)- spherical element, i.e. 1^.^ = = ^.Yg, and let rj E Aq 
satisfy 

(3.15) Yt.rj = XD.rj and rj-Yg = firj.D 

for some A,// G C. Then rj^ satisfies (3.15) for the same X, /i. Moreover, if X,/! G then 

r]*r] is a {s,t)- spherical element. 

(ii) Iff] G satisfies (3.15) for some A, /U G C and ij is non-zero, then X — Xj{t), jj, — Aj(s) 
for some i,j G {— /, —l + l, . . . , Z} and rj is a multiple of h\ .j{s, t) . 

It follows that ps,t generates the *-subalgebra of Aq[SL(2.,<C)) of (s, t)-spherical ele- 
ments for ^ g^^. 

Proposition 3.5. Let rj E Aq satisfy (3.15) with X — Xj{t) and fx = Xi{s), then 

(i) dsq^i^tq'^jT] satisfies (3.15) with X = Aj_i/2(^) o-nd /j, = Aj_i/2(-s), 

(ii) Psq'^^tq'^iV satisfies (3.15) with X = Aj+i/2(^) ond fj, = Aj_i/2(s), 

(iii) ■ysq^i,tq'^^V satisfies (3.15) with A = Xj_i/2{t) and /i = Xi^i/2{s), 

(iv) Ssq2i^tq^jr] satisfies (3.15) with A = Xj^i/2(t) and /i = Aj_|_i/2('S). 

In case s = oo the result remains valid with Y^o defined in (3.7) and Xj{oo) = q^^ — 1. 

We skip the proofs of Propositions 3.4 and 3.5, since they are completely analogous to 
the proofs of [26, Prop. 6.4, Prop. 6.5], see also [25, Prop. 2.3]. We note that Proposition 
3.5 can also be proved by direct calculations using (3.9), Yt = Y^qij — Xj{t){A — D), Yt 
being twisted primitive and Xi{s) + X±i{sq'^'^) = Aj_|_i (s). 

A direct consequence of Propositions 3.4 and 3.5 and Lemma 3.2 is the product struc- 
ture of the matrix elements b[j{s,t) with max(|i|, = I. For this we define elements 

r!ji(«,^) e Aq{SU{l,l)) for m G {-1,-1 + 1,... ,Z}, Z G |N in terms of products of 

elementary elements with the convention 11^=0 ~ CfcCfe-i • • - ^o and the empty product 
being 1; 

Z+m — 1 l—m — 1 

^l^TTii^^t)^ II Sgql-rr^+i^^q^-l+i JJ^ 7sq^t Q = C*! ,m ( , ^ ) , 
i=0 j=0 
l — m—1 l+m — 1 

^l,mi^^^) ~ H Q!sg'+'"-Stq-'-'"-* H lsqi,tq~^ ~ ^^^rn,-li^^^)j 

(3.16) 

^ ^ l+m-1 l-m-1 

^l,mi^^^) ~ H Sgqm-l+i^fql-m+i JJ^ /^sq--',tq-' = C's 6^ /(s, t), 
i=0 j=0 
l+m—1 l—m — 1 

^l,m,i^^^) ~ H Psq-l+m-i^fq-l+m+i JJ^ (^aq-i ,tq~^ ~ ^^^^-l,m.{^^'^) 
i=0 j=Q 
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for certain non-zero constants Cj. Initially, the second equality in each line of (3.16) holds 
for s^,t^ ^ q-^^, and this condition can be removed by continuity. An analogous expression 
as in (3.16) holds for the case s = oo, where r[*^(oo,t) = limg^o r[*^(s, t) by (3.13). 

The explicit expression of b\j{s,t) for max(|i|, = I in (3.16) and Propositions 3.4 
and 3.5 imply the following Cartan-type decomposition of Aq(SL{2, C)). 

Theorem 3.6. Let s^, ^ q^'^. Aq{SU{l, 1)) is a free right €\p8,t]-module, with €\p8,t]- 
hasis given by 

where I[ = ![ = {\-l,2-l, .. . ,1}, 1^ = {-1,1-1, .. . ,1}, and 1^ = {1-1,2-1, .. . ,1-1}. 
So any element ^ e Aq{SU{l, 1)) can be written as a finite sum of the form 

(3-17) i-p{Ps,t)+Y. E E r[:i(-,t)p!:i(p«,t) 

for uniquely determined polynomials p, pf]^- 

Remark 3.7. (i) We also have a corresponding decomposition for the case s = oo, and for 

the case {s,t) — (cxo, cxd) we are back to the case discussed in [41], [42], see also Remark 
2.12. Note that h{^) with ^ as in (3.17) is not well-defined, but it can be defined properly 
after replacing the polynomials in (3.17) by sufficiently decreasing functions, cf. Remark 
2.12. For (s, t) — ipo, oo) the Cartan decomposition is formally orthogonal with respect to 
the Haar functional h by (^1,^2) = ^(CICi); see [21]. For the general case {s,t) this is not 
clear. 

(ii) The Cartan decomposition of Theorem 3.6 is the decomposition of Aq{SU{l, 1)) into 
common eigenspaces of the left action of AYt and right action of YgA on Aq{SU{l, 1)), i.e. 
of the left and right infinitesimal action of a "torus" depending on a parameter. Since the 
Casimir operator Q, defined in (3.2) commutes with these actions, the Casimir operator 
preserves the Cartan decomposition. 

(iii) For ^ as in (3.17) we have 

(3.18) <o-p{<ps,t)) + E ^(r;:i(^,^))ri:i(^(p.,t)) 

as an unbounded operator on L'^[X,ii). Now Tv{ps.t) is a symmetric unbounded operator. 
Suppose that T>{s, t) is the domain of a self-adjoint extension of n^ps^t) which is preserved 
by 7r(r[*^(s, t)), then the right hand side of (3.18) makes sense as an unbounded linear 
operator on L'^{X, p) with domain V{s, t) for all continuous functions p, p[^l^ by the func- 

(i) 

tional calculus of unbounded operators. If the functions p, pi ^ are such that the right 
hand side of (3.18) are in 7r{Nh), the formal decomposition (3.18) of the corresponding 
unique element ^ E N^, is called the Cartan decomposition of ^. 
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It follows from (3.16), (3.8), Proposition 3.4 and since ps,t generates the algebra of 
(s, t)-splierical elements that (rj*^(s, t))*r|*^(s, t) is a polynomial in ps,t- Prom (3.16) 
and (3.11) we see that the degree of this polynomial is 21. If we use the one-dimensional 
^-representation of Aq{SU{l, 1)) sending a to e2*^ and 7 to zero, ^ e R, we obtain 
(3.19) 

rlll{s,trr\^l{s,t) = C,{qste^',qste-'';q%+^^^^^ 
rl%{s,trT^'l{s,t) = C,s'^-'-{q'-e^^ 
rf^l{s,trrf;i{s,t) = Css''-^^{qste^',qste-^';q')i^^^^ 

s s 

^ i,my^^^) ^ i,m\^^'^) — ^^4:8 [q-e , q-e ,q ji+^n^—e , — e ,q )i-m\cose=p^^t: 

for positive constants Ci independent of 6 and s, cf. [26, §7]. In (3.19) we also have the 
appropriate case for s = 00 using (3.12) and (3.13); 



I 

(3.20) 



= Poo,*;? )l+m{-q Poo,t/t;q )l-m, 

Tl%{oc,trT[%{oo,t) = C2{-q^p^,t/t;q%+^{-tq^+^^^^^ 

(3)/^ +\*-ri^) +\ — n ( «2.^ . 2\ ( 2-2l+2m ^ I+. 



r,\^j,(oo, t)*n:j,(oo, t) = C^{-q'tp^x. q')i+m{-q'-''^''^Poo,t/t- q')i.m, 
r£(oo, trTl%{oc, t) = C4-q'-''-''^poo,t/t; q\+m{-tq^-^'^^^ Poo,u q%-m, 
for positive constants Cj. 

3.4 Factorisation and commutation results. In order to obtain recurrence relations in 
later sections we need factorisation and commutation relations in the algebra Aq{SU (1,1))- 
The following corollary is consequence of Proposition 3.4 and Proposition 3.5, see [27, §2] 
for the analogous statement for the case Aq{SU{2)). Since the proof is the same we skip 
it. 

Corollary 3.8. The following factorisation and commutation relations hold; 

Psq,tq-ns,t = -2stps,t + q~^t^ + qs^ , lsq-\tqPs,t = -'2stps,t + qt^ + q~^s^, 
OisqM^B,t = -2qstps,t + 1 + q^s^t^, Ssq-i^tq-ias,t = -2q~^stps,t + 1 + q~'^s^t^, 

and 

CX.8,tP8,t = Psq-^,tq~^^s,t, Ps,tPs,t = Psq-^,tq(^s,t, 
ls,tPs,t = Psq,tq-^ls,t, 5s,tPs,t = Psq,tq^s,t- 

Combining Corollary 3.8 with (3.14) gives 

(3.21) -2stps,t + q~'^t^ + qs'^ = Psq,tq-^ls,t = (/5oo,tQ-i - SqSoo,tq-i){loo,t - SQ!oo,t), 

1 

which is one of many ways of writing ps^t in products of matrix elements blj{oo,t). 
The limit case s = 00, i.e. s — > 0, of Corollary 3.8 immediately gives the following. 
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Corollary 3.9. The following factorisation and commutation relations hold; 

Q~^Poo,tq-noo,t = tpoo,t + q~'^t'^, g~Soo,tq/?oo,t = tpoo,t + 1^, 

Q~'^OLoo,tq8oo,t = tPoo,t + 5oo,tg-i«oo,t = tPoo,t + 1, 

and 

0^oo,tPoo,t = 9Poo,tg-iQ:oo,t) Poo,tPoo,t = QPoo,tqPoo,ti 

loo,tPoo,t = 9 """Poo.tq-iToo,*) ^oo,tPoo,t = 9 ^ Poo,tq^oo,t- 

4. The Haar functional on the algebra generated by poo,t 

The Haar functional on the Cartan decomposition of Theorem 3.6 for (s, t) — (oo, oo) 
is related to the Jackson integral on (0,oo), see [21], [22], [42], [57] and Remark 2.12. In 
this section we show that the Haar functional on the Cartan decomposition of Theorem 3.6 
for the case s = oo, t > finite, is related to the Jackson integral on [— d, oo) for some 
d > 0. The key ingredient is the spectral analysis of the unbounded symmetric operator 
'^e^''{Poo,t) given in [11] yielding an orthogonal basis of eigenvectors of £^(Z). To use the 
expression for h of Remark 2.11 we have to calculate the matrix elements of in this basis 
of eigenvectors in order to calculate the trace. We also show that the elements of (3.13) 
in the representation n^ie act as shift operators in the basis of eigenvectors. The results 
and approach are motivated by the results for the quantum SU (2) group case considered 
in [31, §5] and we consider the Jackson integral on [—d,oo) as the non-compact analogue 
of the Jackson integral on [—d, c] . The proofs are more involved due to the unboundedness 
of the operators. 

4.1 Spectral analysis of 'K^ie{poo,t)- Using Proposition 2.1 and (3.12) we get 

TTe^a (Poo.t) efc = (t + t-^)q-^'' Ck + e^^-i-Vl + ^-'^^efc+i + e'^'q-^ ^/l + e^ Ck-u 
and by going over to the orthonormal basis fk = e^^^Ck we obtain 

T^e^e (poo.t) fk^{t + t-')q-^'^ fk + g-^-Vl + g-''^ fk+1 + q-'^V^ + Q^fk-l. 

This operator is unbounded and symmetric on the domain consisting of finite linear com- 
binations of the basis vectors. This unbounded symmetric operator has been studied in 
detail in [11] for t e ]R\{0}. It turns out that the operator in question is essentially 
self-adjoint for \t\ > q~^. Then the spectrum consists completely of point spectrum plus 
one accumulation point at zero, which itself is not in the point spectrum. The domain 
of TTgie{poo,t) is its maximal domain, i.e. {^feCfeCfc G \ Cfc7reie(pcx),t)efe e £^(Z)}. 

Proposition 4.1 is the analogue of [31, Prop. 5.2] and has been proved in [11]. 
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Proposition 4.1. Let t e R satisfy \t\ > q. There exists an orthogonal basis of l^^Z) of 



the form {Vp{t) \ p E Z>o} U {Wp{t) \ p E Z} given by 



(t)^ J2 e"^'Vki-q'H-';t)ek, wl(t) ^ e'''Vk{q^n;t) e^, 



where Vkix;t) = (-g2-2fc. ^2)^^ifc(fc+i)(_^^-fc ^^^^..^^^^-i. ^2^-2. ^^2fc+2^-i^_ j.^^^^ 
vectors are all contained in the maximal domain o/TTgis (poo,t) • Moreover, 7rgie(poo.t) Vp{t) = 
—q'^^t~^Vp{t), p G Z>o, and TTgis (poo,t) '^^'^(0 — q'^^tWp{t), p E Z>. The lengths of the 
orthogonal basis vectors are given by 

^_„2+2p „2 „2 _f-2 _J2^2.J2\ 

" ^" {-q^P+H^,qH-^,qH-^;q^) 00 

For \t\ > q~^ , the operator TTf,ie{poo,t) is self-adjoint on its maximal domain. 

In particular we find that the spectrum of 7rei9(poo,t) consists of o'{TTf,ie{pQo^t)) = 
{— q'^^t~-^}pez>o U {Q^^t}p€i U {0}, which is independent of 6. This also follows from 
T{e-^^)TTeie{poo~t)T{e'^y = 7ri(poo,t) with T(e^^) the unitary operator on i^{Z) defined by 
e/e I— > e~'^'^^ek- Using [15, Ch. II. 2, §6] we find for a bounded continuous function g 

(4.1) g{n{poo,t)) 9i^e^^iPoo,t))de = T*(id® ^(7ri(poo,t)))T, 

T = ^ j^'^ T{e'^)de, using L2(T;£2(z)) ^ L2(T) ® ^^^^^^ product of Hilbert 

spaces. So g{T^{poo,t)) is a decomposable operator on 2^ J^'^ dO = L^(T;£^(Z)), since 
T commutes with multiplication by a function from L^(T), see [15, Ch.II.2, §5]. 

Note that Proposition 4.1 gives an orthogonal decomposition £^(Z) = V^{t) ® VF^(t), 
with respectively VF^(t), the closure of the linear span of the vectors p G Z>o, 

respectively lUp(t), p G Z. Using [15, Ch. II. 1] we obtain the decomposition L^(T; -^^(Z)) = 
V{t) e with = (27r)-i /o^'' and W{t) = (27r)-i W^it) dO. 

4.2 Calculating the trace. In this subsection we calculate the trace of gi'n e^<^{p 00, t))Q'^ , 
cf. (2.17), for sufficiently decreasing function g using the basis described in Proposition 
4.1. We start with the partial analogue of [31, Lemma 5.5]. The operator Q"^ is self-adjoint 
with respect to its maximal domain V{Q'^) = {X^/t (^k^k ^ ^^(Z) | \ck\'^q~'^^ < 00}. The 
proof of Lemma 4.2 is a lengthy calculation, and can be skipped at first reading. 

Lemma 4.2. Let \t\ > q~^, then v^{t),w^{t) G T){Q'^). Moreover, 

{Q^vl{t),vl{t)) _ q^P {Q^wl{t),wl{t)) _ q^P 

Kit), vlit)) t^-V^^ {wlit), wlit)) 1 - ' ^ ^ 
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Proof. Since (-g^"^''; g^)!^^^'^^'^^^) = 0(g'') as /c ^ oo, we see that Vk{x;t) = 0{{q/t)'^) 
as A; — > oo. In order to have Vp{t),Wp{t) e T>(Q'^) we need |gt|~'^ to be square summable 
for A; — > oo. Hence, we need \t\ > q~^. Assuming that \t\ > q~^ we see that Q'^Vp{t) and 
Q'^Wp{t) are well-defined elements of £^(Z). 

The calculation of the diagonal elements of in this basis is based on orthogonality 
properties that follow from Proposition 4.1. The idea of the proof is taken from the proof of 
[31, Lemma 5.5], but since it is much more involved we give the details. Let us consider the 
first case, and for this we introduce a moment functional for the g-Laguerre polynomials 
defined by 

oo 

m= E (V-^^g^)oog'=('+^^t-^'=/(g^^), 

fc= — oo 

cf. [11, §4]. Let Pp{x) = i(fii{q~^P;qt~^;q'^, -xq^'^^H~^) be the corresponding orthogonal 
polynomials, which are g-Laguerre polynomials in which the usual parameter a of the 
g-Laguerre polynomials corresponds to t via = g^". Then we have 

(g';g')p (g^-t-^-g^t^ ;g^)c 

{qH-'^;q^)p {qH-'^;q^), 

which follows from Proposition 4.1, cf. [11]. It turns out that we can calculate the general 
matrix element {Q'^Vp{t)^v^{t)) without any extra difficulty. Since is self-adjoint and 
the vectors Vp{t) are in its domain, we can assume without loss of generality that m < p. 
The matrix element can be expressed in terms of the moment functional; 

{Q\'p{t),vt,{t)) = C{x-'P^{x)Pp{x)) = CT{P^)C{x-'Pp{x)), 

where CT (Pm) means the constant term of the polynomial P„i- This is valid since 
x~^Pm{x) = CT{Pm)x~^ + polynomial of degree less than m, since we have C{P'Pp) — 
for any polynomial P' of degree less than p. It remains to calculate 

oo 

C{x-'Pp{x)) = E (-g'-'^g')oog'=('=-^H-2^^l(g-2-;gV2;g^-g2'=+2^+V2) 

fc=— oo 

[Q -,(1 )r r(r-l).-2r2r(p+l) \^ ( _„2-2k 2^ k(k-l).-2k2rk 

where interchanging summations is allowed since the sum converges absolutely. Using the 
theta product identity (2.9) and Ramanujan's ii/^i -summation formula, see [17, (5.2.1)], 
we can evaluate the inner sum as 

/j.-2.^2\ 4.2r „-r(r-l) ^ ^; ~g^^^; g^)oo 



Since CT(P^) = 1 we obtain for m < p 

{Q'vt{t)ym{t)) = ^'''"'41?''''^°° 2^l(g-^^^-^;g^^-^;g^g^^+^) 

[t ^;g^)oo 



{q^-t-^-qH^;q^)oo iq^;q^] 



p 



{t-';q')oo iq't-^;q'), 
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by the g-Chu-Vandermonde summation, see [17, (1.5.2)]. Using the norms given in Propo- 
sition 4.1 we obtain 



(4.2) 



(Q2^J(t),<(t)) t-'qP+^ f{q';q\{qH-^;q' 



Kmh?nit)\\ 1-^-' \iq';q')m{qH-^;q')p 



I m 



2 



Now take m = p to find the first statement. 

For the other statement we proceed in the same way. However, this time wc cannot 
get rid of a summation so easily since there are no orthogonal polynomials around. We 
consider the functions 

M,{x) = ,M-q-''t-';Q't-';q',^q''^') 

[q^t ^;r)oo 

by the transformation (2.11). Using (2.9) we find 
(4.3) {Q''wl{t),wi{t)) = C{x-^Mp{x)Mm{x)) 



( 1 „2._2\ ^ j.-2k / „2fc „2\ 

_ [-i-1-q ,q )oo t / 2fc+2p+2 2x / -q .„2 ^\ 

{qH-^;q')l, {-q'^q^W^ 1^ ^2/c+2p+2 ' ? ' ^2 J 

/ 2fc+2m+2. 2N ( -q^^ -o^ 

X 19 ^ool'^l I g2fc+2m+2'^ ' ^2 ] 

Now consider the following generating functions, see [11, Lemma 5.1], 

kuk il^^^'^l)oo faq'^/b^ \ _ {q,az,x/z;q) 



^fc^fc \q ^q)oo i i'^ . \ _ yq^ "-^^ ^/^^ qjoo o < |2;| < \b\' 
fcfr'oo {(^q'^/b; g)oo ^ V g'^^^ ' ' / (a/6, bz- g)oo 

and 

to see that for < |2;| < |ip we have 

{q\qVz.-t-\--^z,q-U ,.,-2fc ^ ( 

(-g-2P,^t-2;g2)^ ^Z^^ (-g^^; g2)^ 1^ ^2fc+2p+2 ' ^ ' ^2 

and for 1 < |^| < |tpg^"^ we have 

( +-2«-2m „2 „„2j.-2.„2\ °° / „2n „2 \ 

{-t q ,q ,Zq t , g Joo _ \ ^ ^-n^^2n+2m+2. ^2n ,^ / . „2 5^ \ 

(l/^,-t-V'^^;g')oo ^ ~ ^ '^^°ol^l|^^2n+2m+2'?'^2j- 



2 y 
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Note \t\ > by assumption and assume first the additional condition l^pg^"^ > 1, so that 
multiplying these generating functions is valid in the annulus 1 < |2;| < min(|tp, \t\^q'^'^). 
The constant term is the series in (4.3). Hence, this series equals the constant term of 



'p—m 



{-q-'^:q^)oo {l-l/z){l-zt-^) ' 

assuming without loss of generality that p > m. Since 1 < |2;| < we have 

^ oo oo ^ —1 ^ 



' ^ A;=0 p=0 l^-oo 1=0 

and by the qf-binomial formula [17, (1.3.14)] we have 

P-"* /^,2m-2p. „2\ 

z-^-n-t-'q-'^z;q\_m = ^ 2 2 V^-)^ 

fe=o )k 



So 



, ^ -p/ ^-2„-2p^. „2N \ P-"^ /„2m-2p. „2N -i-2(p-m-fe) 

^■^ I n - 1 /rVi - i r«2.„2\, ^ y ) i_+-2 



(i-iA)(i-^t-2) ; (^2.^2)^ V ^ ^ i-t- 

f2{m-p) 

2 _ ^_2 V y ' y )p-mi 
again by the g-binomial formula [17, 1.3.14)]. We conclude that for p > m 



.... f> t-^^(g^W2.g2)^ / _q2k ^ 

fcf:;, y')oo l^g2fe+2p+2 ' ^ ' ^2 ^ 



^(^2fc+2m+2.^2)^^^^ 



_ y 00 



g2fc+2m+2 ' y ' ^2 y (_g-2m.^2)^ 1-^-2' 



This identity is valid under the extra assumption > 1. The right hand side of (4.4) 

is analytic in t for \t\ > 1. Each summand on the left hand side of (4.4) is analytic in t for 
\t\ > 1. As A; — > oo the summand behaves like and as /c — * — oo the summand behaves 
like ^2fc^2(p+m)fcg,fe(A;-i) ^gij^g (2.10), SO that we obtain uniform convergence on compact 
sets for the left hand side of (4.4). Hence, (4.4) holds for all t with \t\ > 1. 
Since (4.4) gives the evaluation of the sum in (4.3) we obtain for p > m 

{(^W^[t),W^[t))-t (^2^-2.^2)2^ (_^-2^. ^2)^(1 _^-2) 

(Q^Q^-t-^vt^-9^+^-;9^)^ 

(^2^-2, q2t-2^ _^2g2+2m. ^2)^(1 _ ^-2) 
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and using the norm of Wp{t) given in Proposition 4.1 we obtain ioi p > m 

(4 5^ q^+'- {-t'q'+'^,-q'+'"';q')i 



'Wp{t)\\\\w^m{t)\\ ^ (-t2g2+2m^_^2+2p.^2)i^' 



Now take m — p. □ 

Remark. By an analogous computation we obtain 



,_i _„2 2 2 _y.-2 -2m.„2\ 
{Q Vp{t),W^{t))^ ^^2^_2^^-2^_g-2m.g2)^ ^ ' peZ>o, mGZ, 



so that all the matrix elements of with respect to the orthogonal basis of Proposition 
4.1 are known. 

Corollary 4.3. Let \t\ > and let g be a bounded continuous function on the spectrum 
o/7ri(poo,t) such that g{'nf,ie{poo,t))Q'^ is of trace class, then 

{I - q'^)Tr\p^J^){g{n^^e{p^^t))Q^) = t — —j / 9{x) dq2X ^ {1 - q^)h{g{n{poo,t)))- 

t — t J-t-^ 



Here we use the notation for the Jackson g-integral, see [17, §1.11], cd > 0, 

'•oo(c) 

g{x)dqX = (1 - q)o 

p=0 p= — oo 



/oo(c) oo oo 

g{x)d,x={l-q)dY,g{-dqnq^ + {l-q)c J] gicq^q" ■ 



Note that any finitely supported g gives a trace class operator g{'n'eie{poo,t))Q'^, and Corol- 
lary 4.3 implies that it suffices to take g satisfying \g{x) \ dq2[x) < oo. 

Proof. Calculate the trace with respect to the orthogonal basis of Proposition 4.1 using 
Lemma 4.2 for the first equality. Use Remark 2.11 to get the second equality from the 
first. □ 

4.3 Shift operators. In this subsection we consider the unbounded operators TTgie (cioct)) 
TTgis (/3oo,t), 7rgxe(7ooi) and 7rgie(5oo,t) on ^^(Z). By Proposition 2.1 these operators are 
initially defined on T){Z), but we sec, using (3.13), that these operators are defined on 
T^{Q) = V^k'^k^k £ ^^(Z) I \ck\'^q~^^ < oo} and that the actions are given by the 
same formulas. The commutation relations of Corollary 3.9 show that we may expect 
that these operators act as shift operators in the basis of eigenvectors of TTgie{poo,t) of 
Proposition 4.1. The next proposition shows that this is the case. 
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Proposition 4.4. Let \t\ > 1, then v^{t),w^{t) e V{Q). Moreover, 

T^e^e{a^,t)vl{t) = q^e-'H-^^^—^^vl_^{tq-^), p G Z>o, 

1 1 + t'^q'^P 

7T^ie{aoo,t)wl{t) = q^e-'H-^^—^^wlitq-'^), p e Z, 

7re««(/3oo,t) v'pit) = -t\^e-''{l - t-^)v'p{tq), p G Z>o, 
TTeieiPoo,t)wl{t) = -t''qh-'\l-t-^)wl_^{tq), p G Z, 

TTe^^lToct) v^it) = -qh'^^—^^^vlitq-^), p e Z>o, 

Proof. To see that for \t\ > 1 we have Vp{t),Wp{t) E T^iQ) we proceed as in the first 
paragraph of the proof of Proposition 4.2. Note that the commutation relations of Corol- 
lary 3.9 suggest that the operators TTgis (ctoo.t) and TTgie (7oo,t), respectively TTgie (/3oo,t) and 
TTgis (^oo,*)^ niap eigenvectors of TTf,ie{poo,t) into eigenvectors of TTf.ie{poo,t/q)i respectively 
TTgie (poojtq)? with a possible qf-shift in the eigenvalue. However, this is not sufficient since 
we do not have a priori estimates implying that TTgie (cuoct) € 1^{'^ei^{Poo,t/q))- So we 
have to prove it in a direct manner. 

Let us prove the first two statements. From Proposition 2.1 and (3.13) we get 

7reie(Q;oo,t)efe = q^ \/l+~q-^ ek+1 + q^~''te~''^ 
so that we get, using the notation of Proposition 4.1, 

oo oo 

7rei«(«oo,t) E e"''Vk{x;t)ek= Yl Q'^e^'^-'^'Wl + q^-^ky^^.ix; t)+q-HVkix; t)}ek, 

fc=— oo fe= — oo 

for X = —q'^P/t, p e Z>o, or a; = tq'^^, p E Z. We use {z; q)oo2^i{a.,b;0;q, z) = 
{bz;q)ooi'^i{b;bz;qjaz), see [17, (1.4.5)], to evaluate the term in curly brackets. So in 
terms of a 2 -series we have 

Yj^.f\-( 2-2fc. ifc(fc+i)/ ,x-fc (-g^a;t-^;g^)oo / 2 _„2^\ 

Vk{x,t)-{ q ,q)ooq { t) (^2^-2.^2)^ [ t J ' 

The contiguous relation 2'^i{ciq, b; 0; q, z) — 2¥'i(«, b\ 0; ;2) = 0^(1 — b)2'^i{aq, bq; 0; z), 
see [17, Exer. 1.9(ii)], gives 

y/lT^Vk-ii^; t) + 9-'=tFfe(a;; t) = t-' -^^^V^ixq-' ; tq-') 

1 — q'^t ^ 
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for |a;| < |t|g ^, and which is vahd for a; 7^ by analytic continuation. This gives 

k= — oo k=—oo 



for X = — g^^t"^, p G Z>o and x = tq'^^, p G Z, which is the desired resuh for /Tgis (ttoo.t)- 
The statements for n^ie{doo,t) foUow from the ones for TTgie (ctoo^t) aheady proved and 

Proposition 4.1. From the factorisation in Corollary 3.9 we get '7re"'(^oo,tg-i)^e»»('^oo,t) = 

tnf,ie{poo,t) + 1- Hence, the result for 7Tgie{5oo,t) follows for \t\ > q~^. The result for \t\ > 1 

follows by component wise analytic continuation in t. 

Next we consider TTgie (700,*)- This derivation is completely similar to the one for 

TTgie (ttoo,*), but now we use 2V'i('^7 c; z) — {1 — a)2^i{ciq, b; c; q, z) = a29?i(a, b; c; q, qz), 

which is directly verified. The statements for Hgie (/9oo,t) follow from the ones for iTgie (700, t) 

together with the factorisation in Corollary 3.9. □ 

4.4 The Haar functional. In Remark 2.11 we have defined h{T) G [0, 00] for any decom- 
posable bounded operator acting on L^(T;£^(Z)) such that T(e*^)Q^ is of trace class. We 
want to give an explicit form for the sesquilinear form (^1,^2) = ^('''(CICi)) P^r bi-i^-type 
in the Cartan decomposition of Theorem 3.6 for the case s ^ 00. We have to adjust the 
definition of the sesquilinear form in order to apply it to sufficiently decreasing functions 
in Theorem 3.6. For a formal element of the form ^'^^^ = r^^^(oo, t)g{prx,,t) for a bounded 
continuous function g on the spectrum of 7ri(poo,t) we define the corresponding quadratic 
form by 

(e^^e^^)) = /.(^(7r(poo,t))7r(r« (oo,t)T« (oo,t))^(7r(poo,t))). 

By (4.1) and (3.20) we regard the operator in parentheses as a decomposable operator for 
suitable functions g and we assume it satisfies the conditions of Remark 2.11. For a,b> 
and > we put for functions / and g 

(A7\ If P^""^ {-q^x/c,-q^x/d]q^)^ 

^^'^^-'^ = y_, (-g^+^^./c-g^+^^xMg^).. ^^^"' 

provided that the ^-integral is absolutely convergent. 

Theorem 4.5. Let g he a hounded continuous function on the spectrum o/7ri(poo,t)j o-'^d 
I G \l>>o, m G {— /, — / + 1, . . . , /}, \t\ > q~^ . Assume that 

g{Tv^.e{p^^t))Tr^.e{r^i'J^{oo,tyr\"J^{oo,t))g{w^.9{poo,t))Q^ 
is of trace class on £^ (Z) . Then 



(^(3)^^(3)^ = C,{g,g)[-,TlitZ-., {&\&^) = C,{g,g)[+,T;i-j;- 
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for positive constants Ci independent of g. 

Proof. We have TTgie (r[*^(cxo, t)*r['^(oo, t)) = Cip^i {'n:^ie{poo,t)) as an unbounded opera- 
tor defined on D(Z) by (3.20) and Proposition 2.1 for expUcit polynomials p^i of degree 
21. We can now use Proposition 4.1 to extend this operator to an unbounded self-adjoint 
operator for \t\ > q~^. The last statement is a consequence of Corollary 4.3. □ 

Remark 4-6. (i) The sesquilinear form in (4.7) is positive semi-definite if q^d/c < 1. For 
i = 1, 2 this condition is satisfied. For i = 3 we need g2-2«-i-2m ^ ^2 for i = 4 we need 
g,2-4m ^ ^2 £qj. positive semi-definiteness of the quadratic form in Theorem 4.5. To explain 
this phenomenon we note that in general 

(4.8) 'IV|,.(z) {g{TT,,e (poo,t))7rei. (rj;i(00, t)*r;;)^(00, t))g{TT,ie (Poo,t))Q') 

is not equal to the square of the Hilbert- Schmidt norm of the operator S with 5" = 
TTgie (r[*^(cxo, t))^(7reie(poo,t))Q- First of all, the trace is not cyclic for unbounded op- 
erators, cf. Remark 2.11. Secondly, it is not true that, under the conditions of The- 
orem 4.5, S extends to a bounded operator on £^(Z). Initially, S is only defined on 
{v e T>{1a) I g{7rg,ie{poo,t))v G which does not even have to be dense in £^(Z). How- 

ever, if we assume that S and also T = SQ~^ are defined on finite linear combinations 
of the orthogonal basis of £^(Z) given in Proposition 4.1, and then have an extension to 
a bounded operator on £^(Z), then (4.8) indeed equals the square of the Hilbert-Schmidt 
norm of S, and positivity follows. Let us consider the case z = 3, the other cases are 
similar. By Proposition 4.1, Proposition 4.4 and (3.16) for s = oo, we see that we can 
calculate TVp{t) and TWp{t) explicitly for \t\ > From this we can determine condi- 

tions on g that imply that T extends to a bounded operator on ^^(Z), e.g. it suffices to 
consider compactly supported g with ^ supp(fif). For such g we can also extend S to a, 
bounded operator on -^^(Z), since we can estimate the growth of ||(5vp(t)|| and ||(5typ(t)|| 
from Lemma 4.2. Note that \t\ > q^~'^^ implies |tp > qf2-2«+2m^ since \m\ < I. 

(ii) In case q^d/c < 1, (•, •)"'^ gives an inner product. The corresponding Hilbert space 
is a weighted L^-space, on which the big g-Jacobi function transform lives, see [28] and §6 
for a quantum group theoretic interpretation. 

Remark ^.l. It would be desirable to interpret the elements 7r(r[*^(oo, t))^(7r(poo,t)) in 
Theorem 4.5 in terms of affiliated elements for the C*-algebra 7r(Co(X) x^- Z) or more 
generally, in terms of regular operators for Hilbert C*-modules, see Woronowicz [62] for 
the notion of affiliated elements and [39], [36] for regular operators. This would give rise 
to an interpretation of r[*^((X), t)5f(poo,t) as a uniquely defined element affiliated to the 
C*-algebra Co(X) Xt- Z, see Kustermans [36]. In general this seems not to be possible due 
to the fact that the density requirements in either the definition of affiliated element in [62] 
or in the definition of regular operator in [39] is not met. Let / G Cc(Z; C(X)) such that 
it is supported in precisely one point. It is straightforward to check that multiplication by 
7r(/) is a regular operator of the C*-algebra 7r(Co(X) Xt-Z) viewed as a Hilbert C*-module 
over itself, see Lance [39, Ch. 9] and Woronowicz [62, §3.C]. However, it is not clear if this 
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remains true for / e Cc(Z;C(X)) supported in more that just one point, such as for / 
corresponding to 7r(poo,t)- 

Moreover, it is also unclear that for functions g G Co(M) the operator of multiplication 
by g{'T^{Poo,t)) is a multiplier of the C*-algebra ti{Cq{X) Xj- Z). The problem is that it is 
not clear if this multiplication operator preserves the C*-algebra tt{Co{X) x^-Z). However, 
in this particular case s = oo, estimates can be obtained that show that g{TT{Poo,t)) ^ 
7r(Co(X) Xt-Z) for g finitely supported on the spectrum. 

5. The Haar functional on the algebra generated by pa^t 

In this section we calculate explicitly the Haar functional related to the Cartan de- 
composition of Theorem 3.6. The result is given in terms of a non-compact analogue of 
the Askey- Wilson measure, and it is obtained using the spectral analysis of n^i0{ps,t) and 
(2.17). This operator is considered in two invariant complementary subspaces V^{t) and 
W^{t) of £^(Z). The spectral decomposition of TTgie {ps,t) on V^{t) is obtained using orthog- 
onal polynomials and is analogous to [31, §6]. On W^{t) the spectral analysis is related 
to the little g-Jacobi function transform. Matching these two results involves non-trivial 
summation formulas for basic hypergeometric series. The main new summation formula 
has been proved by Mizan Rahman, and its proof is presented in Appendix B. Recall the 
basic assumption that s and t are real parameters, and we also assume that |s|, \t\ > q~^. 

5.1 Spectral analysis of TVeie{Ps,t)\v'^{t)- this subsection we calculate the spectral 
measure for '!Tgie{ps^t)\v'^{t): which is a bounded operator that can be viewed as a Jacobi 
matrix. This enables us to link it to the Al-Salam and Chihara polynomials. The analysis 
in this part follows [31, §6]. 

The operator 7rgie(ps t) is an unbounded five-term recurrence operator in the standard 
basis (cfc I /c e Z} of £^(Z) densely defined on V{Z) by Proposition 2.1 and (3.11). We 
can extend the domain of TVei0{ps,t) to V{Q'^), since Ps,t consists of quadratic elements 
in the generators a and 7. Since Vp{t) e T>{Q^) for \t\ > we see that 7rgie{ps,t)Vp{t) 
is well-defined. It follows from (3.21) and Proposition 4.4 that 'K^ie{ps,t) is a three-term 
recurrence operator in the basis v^{t)^ p e Z>o; 

(5.1) 2n,.e{ps,tH{t) = -qe'^\l - q'+'H-V,+iit) + 

q'+'H-\s + s-Vp{t) - q-'e-'^\l - g^^)^^i(t). 

Note that T^e^o{Ps,t)\vo{t) is a bounded operator. By going over to the orthonormal basis 
fp = {-e'^'^)Pv^{t)/\\v^{t)\\, p e Z>o, see Proposition 4.1, we obtain 

27rei9 {ps,t)fp = Op+i/p+i + bpfp + apfp-i, p e Z>o, 
^^■^^ ap = ^/{l-q^Pt-^){l-q^P), bp = q'+^H'^s + s'^), 

which is, by Favard's Theorem, a three-term recurrence for orthonormal polynomials since 
\t\ > 1. Note that ao = 0, so that (5.2) is a well-defined operator. The spectral measure 
can be determined completely in terms of the orthogonality measure of the corresponding 
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orthonormal polynomials, see e.g. [1], [30], [31], [54]. The polynomials can be identified 
with the Al-Salam and Chihara polynomials. 

We recall that the Al-Salam and Chihara polynomials, originally introduced by Al- 
Salam and Chihara in [2], are orthogonal polynomials with respect to an absolutely con- 
tinuous measure on [—1, 1] plus a finite set, possibly empty, of discrete mass points as 
established by Askey and Ismail [3]. The Al-Salam and Chihara polynomials are a sub- 
class of the Askey- Wilson polynomials by setting two parameters of the four parameters 
of the Askey- Wilson polynomials equal to zero, sec Askey and Wilson [5], or [17, Ch. 7]. 

The Al-Salam and Chihara polynomials are defined by 

(5.3) Sm{cos ip; a, b\q) = a~'^{ab;q)m 3^2 [ ' , ^ ; 5: 5 



ab, 

Let Smix;a,b\q) — Sm{x; a, b\q)/ \/ (q, ab; q)m denote the orthonormal Al-Salam and Chi- 
hara polynomials, which satisfy the three-term recurrence relation 

2x Sn {x) = a„+i Sn+i {x) -I- (a -I- b) Sn (x) + an Sn-i (x) , 

(5.4) , 

an = ^/{l-abq^-^){l-q^). 

We assume o6 < 1, so that a-n. > 0. Since the coefficients and bn are bounded, the 
corresponding moment problem is determined and the orthonormal Al-Salam and Chi- 
hara polynomials form an orthonormal basis of L'^{M.,dm{-;a,b\q'^)), with dm{-;a,b\q'^)) 
the normalised orthogonality measure. The explicit form of the orthogonality measure is 
originally obtained by Askey and Ismail [3], and it is a special case of the Askey- Wilson 
measure. Since the Askey- Wilson measure is needed in the next subsection we recall it 
here, see [5, §2], [17, Ch. 6]: 

(5.5) p{x)dni{x;a,b,c,d\q) ^ —— p{cos9)w{e'-'^) d9 + — y^p{xk)wk. 
Jm "O^TT Jo ^0 

Here we use the notation w{z) — w{z; a, 6, c, d\q), ho — ho{a, b, c, d\q) and 

h (a b c d\ ) = (g^cc/; q)^ 

' ' ' (g, a6, ac, ad, 6c, bd, cd; q)oo' 

^^•^^ (z^ z-^-q) 

w\z\ a, 0, c, d\q) — 



{az, a/z, bz, b/z, cz, c/z, dz, d/z; q)oo ' 

and we suppose that a, b, c and d are real or a = 6, and c, d e M and such that all 
pairwise products are less than 1. The sum in (5.5) is over the points Xk of the form 
/u(eg^) = {eq^ + e~^q~^)/2 with e any of the parameters a, b, c or d whose absolute value 
is larger than one and such that \eq^\ > 1, A; G Z>o. The corresponding mass Wk is the 
residue of z ^ w{z)/z ai z = eq^. The value of Wk in case e = a is given in [5, (2.10)], [17, 
(6.6.12)]. Explicitly, 

(a"^;?)oo 



(5.7) Wkia;b,c,d\q) = 



{q, ab, b/a, ac, c/a, ad, d/a; q)oo 

(1 — a^g^'^) {a^ ,ab,ac,ad;q)k f Q \^ 



X 



L — a q ) [a ,ab,ac,ad;q)k f Q \ 
(1 — a^) {q, aq/b, aq/c, aq/d; q)k \abcd/ 
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The orthogonality measure for the Al-Salam and Chihara polynomials is obtained by taking 
c = d = in (5.5), so dm{-; a, b\q) = dm{-; a, b, 0, 0\q). 

Now compare (5.2) with (5.4) in base q^ with a and b replaced by qst~^ and qs~^t~^. 
This shows that we can realise '^eio{Ps,t)\v'^(t) ^ ^ multiplication operator on the weighted 
L^-space corresponding to the orthogonality measure dm{-;qst~^,qs~^t~^\q'^) using the 
unitary isomorphism V^{t) L'^{M., d'm{-; qst~^ , qs~^t~^\q'^)) mapping fp to the corre- 
sponding p-th orthonormal polynomial Sp{-; qst~^, qs~^t~^\q'^), see e.g. Akhiezer [1, Ch. 1], 
Simon [54] . This proves the following proposition. 

Proposition 5.1. Let s,t with \s\ > 1, \t\ > q~^ . The spectrum of the bounded self- 
adjoint operator TTf,ie{ps,t)\v'^{t) consists of the continuous spectrum [—1,1] and the finite 
discrete spectrum, possibly empty, {q^~^^^st~^ \ \q^~^'^^st~^\ > 1, /c e Z>o}. Explicitly, with 
fp={-e^'yvl{t)/\\vl{t)\\, 

{'^eio{Ps,t)fn, fm) = / x{SnSm) {x; qst~^ , qs~^t~^\q'^)dm{x; qst~^ , qs~^t~^ \q'^) . 
Jr 



Proposition 5.2. Let s,t G M with |t| > g and let P be the orthogonal projection 
ontoV%t) along the decomposition l'^{'L) = V^{t)®W^{t). Then PQ'^\ve^tyV^ {t) y^(t) 
is bounded. Let f be a continuous function on the spectrum of 'n^ie{pa,t)\v^{t); ^'^^ assume 
that f {^Teie {ps,t)\vo (t)) PQ'^ of trace class on V^{t). Then its trace is integrable over 
[0, 27r] as function of 6 and 



^ /■27r 



/ Tr\ve (i) {f{7r,ie {ps,t) \ ye (t))PQ'') dO = 

Jo 



^ Jo ^ it' - 1)(1 - f e±^^)(l - ^e±'^) ' '^'Oci^ 

Wk{qs/t-q/st,qt/s,qst\q^) -1 , ^^afc 
ho(qs/t,q/st,qt/s,qstm 1-q^-'^^^^ ''>' 

where fx{z) = ^{z + z~^). The ±-sign means that we have to take all possibilities. 

The positivity of the weight for the discrete mass points in Proposition 5.2 follows 

from 

-1 Wkjqs/t; q/st, qt/s, qst\q^) ^ (q'+^h^ - t'')q-^-^^ 
1 - ho{qs/t, q/st, qt/s, qst\q^) {s^ - l){t^ - 1) ' 

using (5.6), (5.7). For \q^'^'^'^s/t\ > 1 this is positive. 

Note that in the gWy-series, see §1, a lot of cancellation occurs, 

sWri'^; g^ f f e-^ ^e^^ |e-^ g^ q^) = 

^ 1 - t-^g2+4fe (1 _ Me^^)(l - Me-^0)(l - ^e-^)(l - ^e-^) 

^ 1-t-V (l-s!^e^e)(l-2!^±^e-^)(l-2f^e^e)(l-2f^±ie-e)^ ' 



k=0 
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This can be used to integrate the function / = 
Proposition 5.2. 

Proof of Proposition 5.2. Since (4.2) imphes 



1 exphcitly over the interval [0, tt] in 



II II II a II l^i^Q , n,m E £:>o, 

II INI ^mll 

using that is self-adjoint and that G T^{Q^) for \t\ > q~^, it follows that PQ^I^/e^^) 
is bounded. The rest of the proof of Proposition 5.2 is completely analogous to the proof 
of [31, Prop. 6.3], see also the proof of Proposition 5.4. Use Proposition 5.1 and (4.2) to 
calculate the trace formally as a double sum involving an integral of a product of / and two 
Al-Salam and Chihara polynomials. Since the 0-dcpcndence in Trlyej-^) (/(TTgie (ps^t))Q^) 
is easy, integration over [0, 2tt] reduces to a single sum. Interchanging summation and 
integration gives an integral involving the Poisson kernel for the Al-Salam and Chihara 
polynomials. This can be justified using the same estimate as in the beginning of the 
proof and the asymptotics for the Al-Salam and Chihara polynomials, see [3, §3.3]. The 
Poisson kernel for the Al-Salam and Chihara polynomials is given in terms of a very-well- 
poised sV'T-series by Askey, Rahman and Suslov [4, (14.8)], see also [20, §4] and [58] for 
other derivations. The very-well-poised sV'T-series is summable for points in the discrete 
spectrum. See [31, §6] for details. □ 

5.2 Spectral analysis of T^e*^{Ps,t)\w<'{t)- this subsection we calculate the spectral 
measure for 7reie{ps,t)\w'>(t)j which is an unbounded operator that can be viewed as doubly 
infinite Jacobi matrix. The operator has been studied by Kakehi [21], Kakehi, Masuda and 
Ueno [22] in connection with the spherical Fourier transform on the quantum SU{1, 1), i.e. 
corresponding to the Cartan decomposition of Theorem 3.6 for the case {s,t) = (oo,oo). 
This is the little g-Jacobi function transform, and it is discussed in Appendix A. 

As in the previous subsection, cf. (5.1), we can apply 7reie(ps,t) to Wp{t) for \t\ > q~^. 
Prom (3.21) and Proposition 4.4 we see that Trgxa (ps,t) is a three-term recurrence operator 
in the basis (t) , p G Z, of (t) ; 

(5.8) 2n,.e{ps,t)w'p{t) = -qe^^\l + q^+^nK^iit) 

- q^+^H{s + s-^)wl{t) - q-^e-^'\l + t^q^P)wl_^{t). 

By going over to the orthonormal basis f-p — {—e'^^^Ywp{t)/\\Wp{t)\\, p G Z, see Proposi- 
tion 4.1, we obtain 

27v^^e {p,.f)fp = c'j,+ifj,+i + bpfp + apfp-i, p G Z, 
^^■^^ ap = ^/{l + q^-^Pt^){l + q^-^P), bp = -q^-^H{s + s'^). 

This is an unbounded symmetric operator that has been studied in [21], [22], see also 
Appendix A, Theorem A. 5. So the spectral measure of the operator 7reie(ps,t)|vK«(t) is 
determined in terms of little qf-Jacobi functions. 
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Put 

(pn[x;S,t\q) = 2^1 \ ^2^-2 1, X = ^{Z) = -[Z + Z ), 

for the little g-Jacobi function adapted to our situation, see Appendix A for its definition 
in case n < 0. Put, cf. (A. 13), 



(5.10) „„=(,,-H-M'yt$^Sgf, 

so that the little qf-Jacobi function transform is given by 

oo oo 
{Gu){x) = Wn4>n{x\S,t\q^)Un, « = XI "n/n ^ M^^(t), 

n= — oo n= — oo 

initially defined for finite sums and extended to W^{t) by continuity, see Appendix A. In 
order to describe the spectral measure we introduce the following measure 

(5.11) / f{x)dv{x\a^h-^d\q) = hQ{a^h^q/d^d\q) I f{x)dm{x;a,b,q/d,d\q) 
Jr Jr 

keN ^ 

using the notation of (5.6). Observe that 

(5 12) Res _d = -d2(fe-i)g-fc(fe-i)(i-rfV2fc) 

''"'^^ z {q,q,adq-^,hdq-'^,aq^ /d,hq^ /d;q)oo 

by a straightforward calculation, wich equals — Wfc-i(^; o, cJ|?) using (5.7). It follows 
that this measure is supported on [—1, 1] plus a finite, possibly empty, set of discrete mass 
points of the form {n{eq^) \ k G Z>o, \eq^\ > 1}, where e is a or b, plus an infinite set of 
discrete mass points of the form {n(dq~'^) | /c G Z, \dq~^\ > 1}. 

Remark. The measure diy{x;a,b;d\q) defined in (5.11) is positive for ah < 1, ad < 0, 
bd < or for a, 6 in complex conjugate pair with ab < 1, and has unbounded support. The 
measure in (5.11) can be obtained from the standard Askey- Wilson measure by a limiting 
procedure; consider the Askey- Wilson measure with parameters o, 6, cq'' and dq~\ and let 
I ^ oo. The parameter c disappears in the limit. Then we formally obtain the measure of 
(5.11), and in this way we formally obtain the little g-Jacobi function transform as a limit 
case of the orthogonality relations for the Askey- Wilson polynomials. In the corresponding 
quantum group theoretic setting this corresponds to the limit transition of the compact 
quantum SU{2) group to the quantum £'(2) group of orientation and distance preserving 
motions of the Euclidean plane. In that case, (5.11) gives an expression for the Haar 
functional on a certain subalgebra, and Z labels the representations of the quantum group 
of plane motions, see [23, Ch. 3]. 

The results of [21] on the little g-Jacobi function transform imply the following propo- 
sition, see also Theorem A. 5, case (3). 
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Proposition 5.3. Let s,t e R with \s\, \t\ > q ^. The operator ^Tf,ie{pf.^t)\^r0(^^^ is essen- 
tially self-adjoint and its spectral decomposition is given by 

{'7Teie{ps,t)fn,fm) = C I XWnWm{^n^m){x; S,t\q^) dv{x; q/ st, qt / S; -qst\q^) 

Jr 

with C — (g^s"^, — 1, — g^)^. The support of diy{-; q/st,qt/s; —qst\q^) is the spectrum 
of ^^eio{Ps,t)\wo{t)■ 
Propositiol[^ 5.4. Let \t\ > q~^ , and assume s'^t^'^ ^ g^^. Let f be a continuous, 
compactly supported function on the spectrum of Tc^ie{ps^t)\w'>{t)! integrable with respect 
to the measure di'{-;qs~H~^ J qts~^;—qst\q^), and such that f {ngie{ps,t)\w'>{t)){^ ~ P)Q^ > 
with P as in Proposition 5. 2, is of trace class on (t) . Then 

e ^ T,\weit){f{^e^e{ps,t)\weit)){'^ - P)Q^) 

is integrable over [0, 2tt\ and 
1 f^^ 

— J Tr\we^t)ifMPs,t)\weit))i^ - P)Q^)dd = 
(g2.-2,-l,-g2;g2)2^ 



1-t 



-2 



/ f{x)Rq-2(x;s,t\q^)di'{x;qs ^t ^,qts ^•,—qst\q'^) 



where Ru{x] s,t\q ) = Xln=-oo ^"^nl^n(2^; t|g )| is absolutely convergent for u = q , 
uniformly for X in compacta of the support of du{-; qs~^t~^ , qts~^; —qst\q'^) . 

Proof. Using /_p = {—e'^^^)PWp{t)/\\Wp{t)\\ and the spectral decomposition of Proposition 
5.3 we calculate the trace as 

oo 

(5.13) TT\^o^,^{f{7:MPs,tW)^{q's-^-l,-q';q')l (-e'^')^"^-"^ 

n,m=— oo 

{Q W_^{t),W_^{t))^^^^^ r _gg^|g2^_ 



X 



\wtr^m\\wt,nm 



Note that by symmetry in n and m, since is self-adjoint and w^{t) e T>{Q^) for |t| > g ^, 
we may restrict to n < m. We estimate the double sum 



II e U\\\\\ e (+\\\ WnWm(t)n{.x)(i)m{x)\ 



n=— oo m=n 



and this suffices for most points of the spectrum. The weight function is only needed for 
the cases a; = ±1. 

Using (4.5) we obtain 

- (_t2g2-2n.^2)^ C C|ts|-™, n < 0, 



-WnWm 



< 



wtjt)\\\\wtjt)\\ (-g2-2-52)^ - {C\t/snst\-^, n>0 
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using (5.10) and (2.9). From the definition of (/>„(■; s, tjg^) it is immediate that, for x in 
compact subsets of supp((ii/), \(l)n{-; s,t\q^)\ is uniformly bounded for n > 0. Hence, the 
Zl^o ^m=n P^^^ °f double sum can be majorised by C X^^o Y^m=n \st\~'^\t/s\'^ < oo, 
uniformly for x in compact subsets of supp((iz/). 

It remains to consider Yln=-oo X]m=n- ^^^^ have to estimate (pnix; s, tlq"^) for 
n < for a; in the support of the measure. Using the c-function expansion, see [17, (4.3.2)] 
or (A. 10), or e.g. [21], [22], [28], we find 

+ -2"^); t\q^) = c{z)^n{z; s, t; q^) + c{z-^)^n{z~^\ s, t; q^), 
{qt/sz, q/stz, -qz/st, -qst/z; q^)^ 
^^■^^^ {z-^qys^-l,-q^;q^U ' 

for z'^ ^ Q^^. See also §A.2 for the definition of $^(2; s, tlg^) in case |t^g^~^"^| > 1. For 
n sufficiently negative we can estimate $^(e*^; s, t|g^) by \st/q\'^ times a constant for 
< ip < TT hy continuity. Hence, for n, m < we get, using that (e^*'^, e"^*'^; q^)oo is part 
of the weight function of the measure, 

I {e^^^, 5^)00 </'n(cos V; s, t |q2)0^(cos V'; tjg^) | < C\st/q\^+^. 

So, on the interval [—1,1] the sum Yln=-oo X^m^n' ^fter multiplication by (6=*=^*^; q'^)oo, is 
estimated by 



00. 



m=n m—O 



This deals with the convergence of (5.13) on the absolutely continuous part. 

For the discrete part we observe that for Zk = tq^^'^^ /s^ k G Z>o, \zk\ > 1, or for Zk = 
—stq~^~'^^, /c G Z, \zk\ > 1, we see that c{zk) = and by (5.14) \(f)n{fi{zk))\ < C\q/stzk\~^ 
for n < 0. This estimate then shows that the double sum is absolutely convergent, and 
uniform for x in compact subsets of the support of the measure. Note that we have used 
syt'',sH^^q^^ to avoid zeroes in the denominator of the c-function of (5.14) at 2: = 2;^- 

The above proves that the double sum in (5.13) is absolutely convergent. Since the 
estimates are uniformly in 6, we see that 9 t-^ Trliye (^^^{f {71^,10 {ps,t)\w'^ {t)){^ " P)Q'^) is 
integrable over [0, 27r] and moreover that we may integrate term by term in (5.13) and 
interchange summation. This gives using Lemma 4.2, 

^ I T^\we^t){fMps,t)\we^t)){l-P)Q^)de=^^ J^J^'^^°° 

» 00 

X / /(^) q~^''wl\(f>nix;s,t\q^)\''duix;qs-H-\qts-';-qst\q'') 



which is the expression stated. 
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Using the explicit form of s, t|g^) and the estimates already in use on the little 

g-Jacobi functions we immediately obtain that the sum in Rq-2 is absolutely convergent 
both for X in the absolutely continuous part and for x in the discrete part of the measure 
dh'{-; qs~^t~^j qts~^; — gst|g^), and even uniformly for x in compact subsets of the support 
of the measure. □ 

5.3 The trace of f{'n:e^^{ps.t))Q'^' We calculate the trace of f{'n:e^f>{Ps,t))Q'^ in this sub- 
section and we integrate the result over [0, 2n]. This gives the Haar functional on f{ps,t), 
see Remark 2.11, as an explicit Askey- Wilson type integral with unbounded support of the 
form (5.11). 

Since f{7^ei^{Ps,t)) preserves the decomposition £^(Z) = V^{t) ® W^{t) arising from 
Proposition 4.1 we have that 

Tr|£2(z)/(7rei«(Ps,t))Q^ = T^\v»{t)f{^ei<^{P8,t))Q^ + T^\w<^ {t)f {^ei<^ iP8,t))Q'^ 

under suitable conditions on /, cf. Proposition 5.2 and Proposition 5.4. In order to sum 
these two expressions using Propositions 5.2 and 5.4 we first have to sum the kernel Ru 
introduced in Proposition 5.4. The summation formula needed is stated in the following 
lemma, which has been proved by Mizan Rahman. The proof is presented in Appendix B. 

Lemma 5.5. (Mizan Rahman) We have for \s\, \t\ > 1, satisfying st ^ ±g~^, 

P . , ,1 2^ . (g^g^-gW,-t-^.-^g|e^^gfe-^-^;g^)oo 
it:,-Hcos^,s,t|g j - ^^-2^q2s-2^_q2^_i^qst^i^ q,t^-ii>.q2^^^ 

(qH'^,q^^e'''', g^-^e"^^, ^e*^, ^e"^^, q^ste^^, q^ste''^, -qste'^ , -qste-^'l'; q^) 



-1, -g2, -g2, -1, g2e2#, g2e-2#, gste*^, qste-"-"^ , q'^s-'^; q^), 
{q^s-^qH-;q-U ^^^^^^'^'V 



X ^ f ' ' 1, ,f sWriqH'; g^ g-e^^ g-e^^ g.te^^ qste~^^; g^ q'] 



and it remains valid for the discrete mass points of the measure in Theorem 5.3, i.e. for 
= -stq^-^'', keZ, \- stq^-^''\ > 1. Explicitly, 

( 2 2 _ 2^2 2 +-2 -2 _ 2-2kf2 _ 2k -2 2\ 
stq ),s,t\q)- ^^_2^^2,-2^_q2^_i^_q2-2k,2t2^_q2k.q2^^ • 

Rahman's lemma gives the explicit evaluation of the Poisson kernel corresponding to 
the little g-Jacobi function in one specific point u — q~^. Note that the explicit expression 
for Rq-2{ij,{—stq^~'^''); s,t\q^) follows from the fact that the second term in the general 
expression vanishes since the factor in front of the gWy-series is zero and the gWy-series is 
non-singular for this value. 

The condition st ^ ±g~^ ensures that the right hand side in Lemma 5.5 does not have 
simple poles for = 0, or '0 = tt. In the subsequent application of Lemma 5.5 we multiply 
the result by the weight function as in Proposition 5.4, which cancels the poles. 
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Theorem 5.6. Let f be a continuous, compactly supported function on the spectrum 
of 7rgie{ps,t) and assume that f{7^ei^{Ps,t)\v^(t))PQ^ of trace class on V^{t) and that 
f (7v^ie{ps,t)\w»{t))i^-P)Q^ of trace class onW^{t). Let \s\ > \t\ > and s'^t^'^ ^ q^"^, 
then 



]- / T^\p{'L){f{T^ei»{p8,t))Q'^)de = C [ f(x)diy{x;qs/t,qt/s;-qst\q^), 
'■^ Jo Jm 

g2^ -^2, -q^s-^, -t\ -qH-^; q^)^ 



^ (t2-l)(s2-l) 

where the measure is defined in (5.11). 

Remark. Note that the right hand side is symmetric in s and t and invariant under {s,t) i— > 
(— s, —t). Since ir^io o if; = jr^-io on Ag{SU{l, 1)) and ^ip^ps^t) = P-t,-s with if; defined in 
Remark 3.3 we see that the left hand side is also invariant under (s, t) t-^ {—t, —s). So the 
condition \s\ > \t\ is not essential. 

Proof. Propositions 5.3 and 5.1 imply that the discrete spectrum of /(7re<e(ps,t))|vK*(t) 
the discrete spectrum of f{Tre^'^iPs,t))\v'>{t) do not overlap, but the continuous spectrum is 
the same in both cases. We consider the continuous and discrete spectrum separately. 

Let us consider the absolutely continuous part on [—1, 1] first. Using Propositions 5.2 
and 5.4 we have to consider 

(5-15) (i2_i) (i_^e±^V')(i_^e±^V')8^H^,g , je , -e ,g,g) 



where we have also used (5.11) and the ±-signs means that we have to take two terms, one 
with + and one with — . Now we can use Lemma 5.5 to write Rq-2 as a sum of a very- well 
poised gVFy-series and an explicit term of infinite g-shifted factorials. The two very- well 
poised sW^T-series can be summed using Bailey's summation formula see [17, (2.11.7)]. In 
this case we write Bailey's formula as, cf. [31, p. 413], 

(1 - ab){l - e±2^^) 



(1 - ae±*^)(l - 6e±*'^ 

-,'^/nh^(^ - P±2iV'^ «2 



± {^-e/ah){l-e--^^) q^ q q 

ab{l-qe±^^/a){l-qe±^^/b)^^^ab'^' a '6 ' ^' 

(a6, q/ab, aq/b, bq/a, g, g; g)oo(e=^^*'^; g)c 



(ae±^^ , 6e±*^ , ge±'^ /a, ge±*^ /b; g) , 
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Using Bailey's summation shows that (5.15) equals 

(1 - s-2)(l - t-^){qste^'^, ji^^"^^ -qste^'^t^, -ji^^'"^'^ 5^)°° 
{qH\ qH-\ q^s-\ qW q\ ^ e±2^^; g^)^ ' (g2^ g±2.v^. ^2)^ 



/(-g2t252^_^-2g-2^_l^_^2.^2)^ (^-2^ ^2^2^ ^2^2^ ^-2. ^2)^ 



(_gste±^V, -^gi^V'; g2)^ (gf ei^V-, g|e±^^; g2)^ 

Use the notation 0(a) = {a^q^ /a-,q^)ao for a theta-product in base g2 and S{a,b, c, d) = 
0(a)G(6)G(c)G(d) for the product of four theta products in base q^. The following identity 
for theta-products, 

(5.16) S{xX,x/X, fxu, ji/f) — S{xi', x/u, Xfx, fx/X) = ^S{xfx,x/ fi, Xu, X/u), 

X 

see [17, Ex. 2.16], can be used to rewrite the term in parentheses as 

S{-1, -t-^s-^, qse'^/t, qte'^/s) - S{t-'^, s'^, -qste'^ , -qe^"^ j st) _ 
S{-qste'i', -qste-^'^, qse""^ jt, qse'"-^ jt) ~ 
_ q S{qe^/st,e-'^/qst,-s\-e) ^ 

st ^ S{-qste^'^ , -qste-^'l' , qse^'^ /t , gse"^^ /t) 

1 [qe^'^^/st, qste^'^, -s^, -q'^s'^, -t^, -q^t'^] q^)oo 



by taking x = 1/st, n = ge*^, A = —st, v = s/t. Plugging this in for the term in 
parentheses we have evaluated (5.15) explicitly as 



(g2, q^, -s\ -q^s-\ -t\ -qH-^; q^)^ (e±2^^; q^U 



{f _ i)(s2 _ 1) (-^e±^^, -qste^^^, gf e±*^, q^e^^^; q^)^ ' 

This proves the statement concerning the absolutely continuous part. 

It remains to check the discrete mass points. Since |s| > we only have an infinite 
set of discrete mass points from Proposition 5.4 and possibly a finite set of discrete mass 
points from Proposition 5.2. In case discrete mass points arise from Proposition 5.2 we 
have to verify 



2^ 



-1 Wkiqs/t;q/st,qt/s,qst\q 
1 - g2 ho{qs/t, q/st, qt/s, qst\q^) 



Cwk{qs/t;qt/s,-q/st,-qst\q ) 



and this is a straightforward calculation using (5.7) and the value for C. For the infinite 
set of discrete mass points arising from Proposition 5.4 we have by Lemma 5.5 and (5.12) 

(g2s 2 _^2. ^2^2^ 1_2A;\ .1 2\ 

1_^-2 Rq-2{ii{-stq );s,t\q) 

..at a . . N o2(fe-l)/„2,29-4fc_^^ 
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using (2.9). From (5.12) and (2.9) we also obtain 

CBBS^^_,tgi-2kZ wiz; g-, q-, --, -qst\q ) = _ i)(-g2 _ i) ' 

so that we have the desired result for the infinite set of discrete mass points. □ 

It follows directly from (5.1) and (5.8) that the unitary operator Tt(e*^) defined by 
wl{t) ^ e-'^'P^wl{t) and vj(t) ^ e-'^'P%^p{t) satisfies Tt{e'^)^l^^e{ps,t)Tt{e'^)* = T^i{ps,t)- 
Note that Tt{e^^) is unitary by Proposition 4.1. So using [15, Ch. II. 2, §6] we find that for 
a bounded continuous function / 

(5.17) f{7r{ps,t)) = fi^e^^iPs,t)) d9 = T;(id® /(7ri(p,,t)))T;, 

Tt = ^ j^'^ Tt{e'^)de, using L2(T;£2(Z)) ^ L'^{T) ® e{Z) as tensor product of Hilbert 
spaces, cf. (4.1). As before, Tt commutes with multiplication by a function from L^(T), 
so that f{n{ps,t)) is decomposable. So we can apply the Haar functional to it, see Remark 
2.11. 

Corollary 5.7. Let \s\ > \t\ > q~^ and s'^t^^ ^ g^^. Let f be a continuous, compactly 
supported function, such that f{ni{ps,t))Q'^ is of trace class onPiX), then f{TT{ps,t)) is a 
decomposable operator from B{L^{T;£^{'Z))) and 

(q"^ g2 _^2 _q2g — 2 _^2 _^2^— 2.^2n r 

h{f{7r{ps,t)) = — - — - — '(^2 _ i)(g2 ' — — J^-^^^'' 

with the measure defined in (5.11). 

Proof. Since f{TTi{ps,t))Q^ is of trace class on we have f{TTi{ps,t))PQ'^ as trace 

class operator on V^{t) and /(7ri(ps^t))(l — P)Q^ as trace class operator on W^{t). Then 
f{nf,ie{ps,t))PQ'^ and /(7reie(ps,t))(l — P)Q^ are trace class operators on V^{t) and W^{t). 
Now apply Theorem 5.6 and Remark 2.11. □ 

5.4 The Haar functional. In this subsection we give the measure for the Haar functional 
on a specific bi-ii'-type of the Cartan decomposition of Theorem 3.6. This gives an explicit 
measure space of Askey- Wilson type. The Haar functional on bi-X-invariant elements is 
obtained in Corollary 5.7. 

In order to describe the Haar functional on the non-trivial X-types of the Cartan 
decomposition of Theorem 3.6 we need to generalise the measure di'{-; a, b; d\q). Define, cf. 
(5.6), 

u Ji \ {z^,z-^,qz/d,q/zd-q)oo 
Wr{z;a,b,c;d\q) = 



(rdz, rd/z, qz/rd, q/rdz, az, a/z, bz, b/z, cz, c/ z; g)c 



and observe that it differs from the Askey- Wilson weight function by a quotient of theta 
functions; Wr{z; a, b, c; d\q) = '^r{z)w{z\ a, 6, c, d\q) with 

ij) (z) = id.^^(i/d-z,d/z,qz/d; q)oo ^ ^ (lJ,(z)) 
^ {rdz, q/ rdz, rd/ z, qz/rd; q)oo ^ 
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The corresponding measure is defined in terms of the Askey- Wilson measure of (5.5) by 

(5.18) / f{x)di'r{x;a,b,c;d\q) = ho{a,b,c,d\q) / f{x)'ipr{x)dm{x\a^h^c^d\q) 
Jr Jr 

+ 2^ /(/^(^ '=rd))Res^=^rfq-fc , 

fc6Z,|rdg-*=|>l 

cf. (5.11). Note that any possible discrete mass points of the Askey- Wilson measure at 
H{dq''), k G Z>o, are annihilated by i/jripidq^)) = ipridq^) = 0. So the support of the 
measure defined in (5.18) is given by [—1, 1], where the measure is absolutely continuous, 
plus a finite discrete set of points of the form fj,{eq'^), k e Z>o such that \eq'^\ > 1 for 
e = a, b OT c and an infinite discrete set n{rdq'^), G Z, with {rdq''] > 1. Note also that for 
r = —1, c = q/dwe obtain the definition (5.11) of du{-; a, b; d\q) as a special case. Note that 
the measure dur{-; a, 6, c; d\q) is symmetric in a, 6, and c. The measure dur{-; a, 6, c; d\q) is 
positive if r < 0, < b < a < d/q, < c < a < d/q, bd > q, cd > q, ab < 1, ac < 1, where 
we assume that a is the largest of the parameters a, b and c. For the general discussion of 
this measure we refer to [29]. 

For an clement = r[*^(s, t)/(ps^t) corresponding to the Cartan decomposition of 
Theorem 3.6, we define the corresponding quadratic form 

= M/XPM)V(r;:i(«,t)*r« («,t))/(7r(PM)))- 

By (5.17) and (3.19) we regard the operator in parentheses as a decomposable operator 
for suitable / and we assume it satisfies the conditions of Remark 2.11, cf. §4.4. 

Theorem 5.8. Let f be a continuous, compactly supported function on the spectrum of 
7ri(ps,t) and I e ^'^>o, rn e {-I, -I + 1, . . . ,1}, \s\ > \t\ > q~^ , sH^'^ ^ q^'^ . Assume that 

/>i(p.,t))7ri(r« (.,t)T,« (.,0)/(7ri(p,,,))Q2 
is of trace class on £^(Z). Then we have for positive constants Cj independent of f, 

{e'\C^'^)-C^ I |/(x)|2d^_,.,.(x;^gi+2'-2-,g^,g™-.t;4|g2), 
Jr t s si 

{i^'\i^'^) = C, f \f{x)fdl..^{x■'-q'+'^+'-,qKq'^''-''-/st;qst\q% 
Jr is 

{^^'\^^'^)=Cs [ \fix)fdu_,n<x;q'-,U'^'^-'-,q'+'^+'-st;^y), 
Jr C '5 St 

(^(4)^ ^(4)^ = ^4 / |/(x)p du_,{x; q'-, iq^+^l+^rn^ qst\q'y 
Jr t s 

Proof. This is a direct consequence of Corollary 5.7 and (3.19), cf. the proof of Theorem 
4.5. □ 

Observe that the quadratic forms in Theorem 5.8 are not always positive definite, cf. 
Remark 4.6. 

The content of Remark 4.7 applies here as well up to some minor changes. 
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6. Spherical Fourier transforms 



In this section we give a formal interpretation of the Askey- Wilson function transform 
as studied in [29] as a Fourier transform on the quantum SU{1, 1) group. Parts of these 
results only hold at a formal level, so this section mainly serves as the motivation for the 
study of the Askey- Wilson function transform. In this section we derive which symmetric 
operators on the function spaces of Theorem 5.8 have to be studied and what are the 
natural eigenfunctions of this operator to be considered. For the spherical case we calculate 
the spherical functions and the related action of the Casimir operator. For the Fourier 
transforms related to the other parts of the Cartan decomposition we only sketch parts of 
the formal arguments. 

6.1 Unitary representations of Uq{su{l,l)). The irreducible unitary representations, 
i.e. *-representations, of C/g(su(l, 1)), are known, see Burban and Klimyk [8], Masuda et al. 
[41], Vaksman and Korogodskii [57]. We are only interested in the admissible representa- 
tions, i.e. we require that the eigenvalues of A are contained in gi^, that the corresponding 
eigenspaces are finite-dimensional, and that the direct sum of the eigenspaces is equal to 
the representation space. We now recall the classification, see Masuda et al. [41] and 
Burban and Klimyk [8] for a more general situation. The irreducible admissible unitary 
representations act in £^(Z>o) or in -^^(Z), and we use {cn} with n G Z>o or Z for the 
standard orthonormal basis of £^(Z>o) or £^(Z). There are, apart from the trivial rep- 
resentation, five types of representations; positive discrete series, negative discrete series, 
principal unitary series, complementary series and strange series. The representations are 
in terms of unbounded operators on £^(Z) or on 

P{Z>o) with common domain the finite 
linear combinations of the standard basis vectors e^, cf. §2.1. We also give the action of 
the Casimir operator Q, see (3.2), in each of the irreducible admissible representations. 
The Casimir operator is central, so it acts by a scalar [A -|- |]^ for some A e C, where 
[a] = {q°' — q~°') /{q — q~^) is the g-number. The eigenvalues of A are contained in q^'^'^ for 
£ = or £ = i . 

In the following list of irreducible admissible unitary representations of [/q(5u(l, 1)) 
we give the action of the generators of Uq{s\x{l, 1)) on the orthonormal basis {cfc}, and the 
A G C corresponding to the action of Vt and e G {0, |} corrresponding to the set g^+^ in 
which A takes its eigenvalues. We remark that the scalar [A -[- ^]^ and the the eigenvalues 
of A determine the irreducible admissible representation of t/q(5u(l, 1)) up to equivalence. 

Positive discrete series. The representation space is £^(Z>o). Let k G |N, and A = 
—A;, and define the action of the generators by 



A-en = q: 



,fe+n 



-1 



q)B ■en = q 



-1 



q)C ■ e 



-n — 




^(l-g2n)(l_^4fe+2n-2)e^_^ 



with the convention e_i = 0. We denote this representation by . Now £ = | if /c G | 
and £ = if A; G N. 
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Negative discrete series. The representation space is ^^(Z>o). The negative discrete 
series representation is = o0, where : t/q(su(l, 1)) — > C/q(su(l, 1)) is the *-algebra 
involution defined by = -D, (f>{B) = C. The parameters A and s are the same as for 
the positive discrete series. 

Principal series. The representation space is Let A = —^ + ib with < & < 

and £ e {0, ^} and assume (A, e) 7^ (— |, |). The action of the generators is defined 

by 



A-en = q'^^^Cn, D-en = q " 



(q-' - q)B ■ en = q-'^-^-'-'\l - q^+^n+2e+2ib^ ^^^^^ 

(g-l - q)C ■ en = -q^-^-'+'\l - ^-l+2n+2s-2z6) 

We denote the representation by T^^. In case (A, e) = (— ^, ^) this still defines an ad- 
missible unitary representation. It splits as the direct sum T^i 1 = Tt ® of a pos- 

2 ' 2 2 2 

itive and negative discrete series representation by restricting to the invariant subspaces 
span{en | n > 0} and to span{en | n < 0}. 

Complementary series. The representation space is £^(Z). Let £ = and — | < A < 0. 
The action of the generators is defined by 



A • e^i q Cn? D • e^, q Cn? 



(g-l - q)B ■ en = g-^'^ (1 - g2A+2n+2)(i _ ^2n-2A) g^^^^ 
(g"' - q)C ■ en = ./(I - g2A+2n)(l _ ^2n-2A-2) 



We denote this representation by T^q. 

Strange series. The representation space is £^(Z). Let e e {0, |}, and put A = 
— I — + a, a > 0. The action of the generators is defined by 

A • e^i = q ejij D • en — q Cnj 

{q-^ - q)B ■ en = ^-"-^-1^(1 + ^2n+2s+l+2a)(i + ^2n+2s-2a+l) g^^^^ 
(q-^ - q)C ■ en = -g-"-=+^ ^(1 + g2n+2e-l+2o) (1 + g2n+2e-2a-l) e^_^. 

We denote this representation by T^^.. 

Remark 6.1. The matrix elements of the irreducible admissible unitary representations in 
terms of the standard basis {cfc} satisfy (3.15) for (s,t) = (00,00), and can be written 

in the form r|''^(oo, oo)(7(/9oo^oo), where (7 is a power series and Poo.oo = 7*7, cf. the 
Cartan decomposition of Theorem 3.6. The corresponding power series have been calcu- 
lated explicitly in [41], see also [57], using the explicit duality between C/g(su(l, 1)) and 
Aq{SU{l, 1)). The power series is a 2<^i-series, and can be interpreted as a little qf-Jacobi 
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principal unitary series 



discrete series 



-3t/2 In q 



strange series 



complementary series 



-1/2 



Figure 6.1. Representation label A in the complex plane for s = 0. 



function. In the next subsections we compute explicitly matrix coefficients which behave 
as a character under the left AYt, respectively right Yg^-action, and we identify them with 
big Qf-Jacobi functions and with Askey- Wilson functions. 

6.2 K-fixed vectors. In this subsection we look for (generalised) eigenvectors of YsA e 
Uq{su{l, 1)) for the eigenvalue zero. For the discrete series representations this involves 
the Al-Salam and Chihara polynomials. For the other series this involves transforms with 
a 2</^i-series as kernel, which can be considered as Al-Salam and Chihara functions. For 
each of the series of representations of t/g(su(l, 1)) we use the notation of §6.1. 

Irreducible representations in £2(Z>o). For the positive discrete series representation 
the spectrum of YgA has been calculated in [30, §4] using the Al-Salam and Chihara 
polynomials, see §5.1. From [30, Prop. 4.1] we conclude that zero is a (generalised) 
eigenvalue of Tj^{YsA) if and only if //(s) is in the support of the orthogonality measure 
dm{--^q^^s^q^^ / s\q^), where we use the notation of §5.1. Since |s| > 1 we have |/i(s)| > 1, 
so this can only happen if there exists a discrete mass point. As /c > implies \q^^ / s\ < 1, 
we have to have q^^+'^'^g = s for some n G Z>o, which is not possible. We conclude that 
in the positive discrete series we do not have eigenvectors of YgA for the eigenvalue zero. 

It follows immediately from §6.1 and (3.6) that for the spectrum of {YsA) we have 
to study the recurrence relation 



(6.1) 



{{q-q )Tf^ (YaA) - s - s ) ■ Cn = anCn-i + bnen + an+iCn+i, n e Z>o, 



On = g 



l-2fc-2n 



(1 - Q2n) (1 _ g4/c+2n-2)^ ^ _q 



-2fc-2n/ 



In order to determine the spectrum we have to study the corresponding orthonormal 
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polynomials xpn{x) = anPn-i{x) + bnPn{x) + an+iPn+i{x). We let 

SO that Pn{x) satisfies the recurrence relation 

(1 - q^^+'')Pr,+^{x) = + s-') - xq^^) Pn{x) - {q-^^ - q^^-') Pn-i{x). 

This is precisely the form of the Al-Salam and Chihara polynomials in base q~^ > 1 
as studied by Askey and Ismail [3, §3.12, §3.13]. It follows from [3, Thm. 3.2] that for 
\s\ > q~^ the associated moment problem is determinate, and in that case the support of 
the orthogonality measure is {2^(-sQ-2p-2'=) | p g Z>o}, [3, (3.80)-(3.82)]. Part of this 
statement can also be found in [2, p. 26]. So we see that T^T (YgA) has an eigenvalue zero if 
and only if 2/x(— s) is in the support of the orthogonality measure. Since A; > and s G M, 
\s\ > q~^, we see that this is impossible. We conclude that in the negative discrete series 
we do not have eigenvectors of YgA for the eigenvalue zero. 
We formalise this into the following lemma. 

Lemma 6.2. Let s G M. For \s\ > 1, the operator Tj^ (YgA) is self-adjoint, and zero is not 
contained in its spectrum. For \s\ > the operator Tj^ {Yg A) is essentially self-adjoint, 
and zero is not contained in its spectrum. 

Irreducible representations in £^(Z). For the spectrum of YgA in the case of the prin- 
cipal unitary, complementary and strange series representations we have to study the 
recurrence relation 

(6.2) {{q~^ - q)T'^^{YsA) + s + s~^) ■ Cn = a'^ Sn-i + hne„ + a*+i Cn+i, 

with hn = q'^'^'^'^^{s + s~^) and • G {P, C, S} for the principal unitary, complementary or 
strange series. The various values for a* , • G {P, C, S}, follow immediately from (3.6) and 
§6.1; 

^ q'\l - q'''-'+''-'% s e {0^-}, < 6 < (6,£)^(0,i), 

(6.3) = J(l-g2n+2A)(l_g2n-2-2A)^ _1 < A < 0, 

al = v/(l + 52n+2e-l+2a)(i + ^2n+2e-l-2a)^ ^ g |0, \}, a > 0. 

Define a new orthonormal basis {f*}kez of £^(Z) by /* = e**^* e_„, with 0* a sequence of 
real numbers satisfying = 4^n+i ~ ^^g('^-n)' then 

{{q-' - q)n,eiYsA) + s + s-') ■ f^ = an J^+i + 6„ + a„_i f:_,, 

with On, bn as in Lemma A. 2 in base q^ and c, d, z replaced by q'^s~'^, q^~^'^^s~^, g~^^~^^, 
where A = -| + z6, < 6 < -7r/21n5, e G {0, |}, {b,e) ^ (0, i) for • = P, e = 0, 
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-| < A < for • = C, and A = -| - Z7r/21ng + a, a > 0, £ e {0, i} for • = S. 
This recurrence relation is related to the second order qf-difference equation for the 2'Pi- 
series, see Appendix A. In case of the principal unitary series, the parameters satisfy the 
conditions of case (1) of Lemma A. 2. For the complementary series, the parameters satisfy 
the conditions of case (2) of Lemma A. 2. and for the strange series, the parameters satisfy 
the conditions of case (3) of Lemma A. 2. Now Theorem A. 5 implies the following result, 
since all conditions are met in the respective cases for \s\ > . 

Proposition 6.3. Assume \s\ > so thatT*^{YsA) is essentially self-adjoint. With the 
notation of ^6.1 we have that zero is in the discrete spectrum ofT*Q{YsA), • G {P,C,S}, 
and zero is not in the spectrum of T* ^{YgA). The eigenvector v* of TTq{YsA) for the 

A, 2 ' 

eigenvalue zero is given by v' = 
(6.4) 

where V'fc+i = V'fc + arg(g^+^-^s~^(l — q~^^'^^^)). Here we use the analytic continuation of 
the 2<fii-series as described in ^A.2 

Remark. Since we have Y^o = A — _D, we obtain directly from §6.1 that T* ^{A^ — 1) has 
a vector in its kernel if and only if £ = and • G {P, C, S}, and in that case cq spans 
the kernel. We can formally obtain this from Proposition 6.3 by taking termwise limits 
s oo. 

6.3 Zonal spherical functions. In this subsection we will now give a formal derivation 
of the zonal spherical functions that may occur in the spherical Fourier transform on the 
quantum SU{1, 1) group. 

With the eigenvectors of Proposition 6.3 at hand we can consider the linear functional 

(6.5) t/,(5u(l, 1)) ^ C, {Tl^{XA)vl 

where we take s,t eM. with |s|, \t\ > q~^. Then we formally have for • e {P, C, S} 

(y,./;)(x) = (T-o(^>^tA)<,<),.(z) = 0, 

^ • ^ (/;.n)(X) = {Tl,{Y,XA)vlv:),.^^) = {TloiDXA)vlTloiYsA)v:)p^^) = 

by Proposition 6.3 and the fact that T*q is unitary and {YgA)* — YgA. Note that (6.5) 
and (6.6) can be made rigorous for the limit case s — > oo, so that YgA has to be replaced 
by — 1, which has only an eigenvector for the eigenvalue zero in the principal unitary 
series, complementary series and the strange series for £ = 0. In these cases bq is the 
eigenvector, and the analogue of /*: C/q(su(1, 1)) C for this case is given by X i— > 
{v*,T*Q{AX*)eo)i2^i), which is well-defined for every X e Uq{su{l, 1)) since T*Q{AX*)eo 
has only finitely many terms. 

The matrix elements T'*^o;n,m" ^ (^A,o(^)^^' ^n) have been calculated by Masuda 
et al. [41], see Remark 6.1. We can formally write 

oo 

(6.7) /;= Yl {^t,em){en,v:)q"'T:^o;n,m- 

n,m=—oo 
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Note again that for the case s ^ oo this can be made rigorous, since the double sum 
reduces to a single sum and pairing with an arbitrary element X e t/q(su(l, 1)) gives a 
finite sum in this case. 

Because of (6.6) we consider /* as the zonal spherical function. Because of the Cartan 
decomposition of Theorem 3.6 we formally have that the expression in (6.7) is a function 
in Ps,t, 

oo 

n,m= — oo 

In order to determine we evaluate at A'^ , z/ G Z, with = D. Since A is group-like, 
i.e. A(A) = A(E)A, we have that pairing with A is a homomorphism. Since ps,t{A'^) — p^{q^) 
and T'o n mi^^) = {'^\oi^'^)^rn, ^n) = q^^Sn,m wc scc that wc Can determine 0a from 

oo 
n=— oo 

Now we can use the following summation formula. This lemma has been proved by 
Mizan Rahman, and the proof is given in Appendix B. 

Lemma 6.4. (Mizan Rahman) Let \t\ > 1, assume st > 0. For A corresponding to 
the principal unitary series, complementary series and strange series, i.e. \ — —\ -\- ih, 
< 6 < —Ti /2\rvq, or < A < 0, or A = — | + a — m /2\n.q, a > 0, and for z in the 
annulus \q/st\ < \z\ < \st/q\ we have 

/„. , \/, ,..un^n _ iq^qVsH^,q'-^^/zst,q^-^^z/st;q^U 
nfr;o " {q-'\q'-'>^/sH^qz/st,q/zst;q^)^ 

X sWr{q-''/sH'; q-'^/s', q-'^/t', q-'\ qz/st, q/zst; q\ q'+''). 

From Lemma 6.4 we formally conclude that the spherical elements of (6.7) can be 
expressed in terms of a very- well-poised gW^y-series; 

(6.8) = . (<^^<^V»^t^<^'-"/-M'-^V<.^;<^')oo 



(g-2-^, q'^-'^^/sH^, qz/st, q/zst; q'^)oo 
X sWr{q-''/sH'; q'^'/s', q'^^ /t\ q-'\ qz/st, q/zst; ,^ q'+'') 



P(z)=Ps,t 



Note that the right hand side is symmetric in z and 2; ^, so that we can make this spe- 
cialisation. 

Remark 6.5. Using the limit transition —2ps,t/qs —>■ Poo,t as s — > 00, see (3.12), we formally 
obtain the limit case s — > 00 of the spherical function in (6.8) as 

iq^,-q^-^^Poo,t/t;q^)oo ( q'^^-^ , q'^^ , -q^ poo,tt-^ 2 2+2A 
(g-2^ -q^Poo,t/t; q^)oo V Q^t-', -q^-^^Poo,tt-^ ' ^ ' ^ 
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which is, up to a scalar, a special case of the function considered in [28, (3.8)] and is the 
big qf-Legendre function. Next letting t ^ oo using t~^poo,t Poo,oo = 7*7; cf. (3.12), we 
see that the spherical function in the case s,t — > oo is 

(9^5 ^^Poo,oo'i 0^)00 f Q ~9^Poo,oo 2 2+2A^ 

) y FoojOO) y yoo \ y poo, 00 / 



2^1 1 " o" ;q'^,-q^p. 



00,00 



by [17, (1.4.5)]. This gives back the spherical function, the little g-Legendre function, as 
studied by Kakehi, Masuda and Ueno [22] and Vaksman and Korogodskii [57]. So the 
function 0^ of (6.8) is a 2-parameter extension of the little qf-Legendre function. 

6.4 The action of the Casimir element. Since the Casimir element fl acts in any of 
the irreducible unitary representations of §6.1 by the constant [A + ^]^, we see from (6.7) 
that we formally have that the spherical function is an eigenfunction of the action of the 
Casimir operator; ^-f* = [A + |]^/*. 

On the other hand, observe that the (s, t)-spherical elements as defined in Proposition 
3.4 are invariant under the action of the Casimir operator, since Q is in the centre of 
Uq{su{l, 1)). So we can restrict its action to the subalgebra of (s, t)-spherical elements, or 
the subalgebra generated by ps^t- For this we have to calculate the radial part of fl, and 
this is stated in the following lemma. The proof is the same as Koornwinder's proof of [35, 
Lemma 5.1], so we skip the proof. 

Lemma 6.6. Put 

, , {1 — qstz){l — qsz/t){l — qzt/s){l — qz/st) 

then 

q{q-^ - qfA^'n = ^|;{q''){A''+^ - A"") + ^/;{q-''){A''-'' - A") + (1 - qfA"" 

modulo Uq{3u{l, l))Yt + YsUq{3u{l, 1)). 

As for the polynomial case discussed by Koornwinder [35] , we derive from this equation 
that the action of the Casimir operator on the subalgebra of (s, t)-spherical elements is 
given by the Askey- Wilson q'-diff'erence operator [5] ; 

(6.9) q{q-' - qfn.{f{ps,t)) = (V'(g'^) (/(//(g^+')) - /(/^(g'^))) + 

V'(?-^)(/(M?^-'))-/(Mg^))) + (i-?)V(MO)) ^ ^ • 

Combining (6.9) with the scalar action of Q, in the irreducible representations we formally 
find that the spherical function (f)x{p{z)) is an eigenfunction of 

LMl^iz)) = (-1 -q' + qiq''+' + q'^^-')) ct>Mz)) , 
L = i;{z){T..-l)+tl;{z-^){T.-.-l), {TJ){z) ^ f{qz). 
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This is only a formal derivation, due to the fact that the series (6.7) is only a formal 
expression. Note that the eigenvalues in (6.10) are real for A corresponding to the principal 

unitary scries, complementary series and strange series. The function (j)x(fi(z)) given in 
(6.8) is indeed an eigenfunction of the Askey- Wilson g-difference equation as in (6.10), see 
Ismail and Rahman [19], Suslov [55], [56]. So we call (px of (6.8) an Askey- Wilson function. 

Remark 6. 7. For the limit case s — > oo we obtain the same eigenvalue equation as in (6.10) 
but now with the operator 



Then it is known [18] that the spherical function given in Remark 6.5 is indeed a solution 
to the eigenvalue equation. See [28] for more information. For the limit case s, t — > oo 
we find the same eigenvalue equation (6.11), but with now A{z) = q^{l + q~'^z~^) and 
B{z) = 1 + z~^. The little g-Legendre function as in Remark 6.5 is a solution of the 
eigenvalue equation as follows from (A. 8), see also [21], [22], [57]. 

Proposition 6.8. The action of the Casimir operator on the space of {s,t)- spherical ele- 
ments is symmetric, i.e. 



for continuous, compactly supported functions f and g such that the functions F{z) = 
f{lj,{z)) and G{z) = g{iJ,{z)) have an analytic continuation to a neighbourhood of {z E C \ 
q^ < \z\ < q-^}. 

So we interpret this as h{g{ps,t)*^-f{ps,t)) = h{{Q.g{ps,t))* f{ps,t)) using Corollary 

5.7. 

Proof. This is a calculation using Cauchy's theorem and shifting sums, see [29] for de- 
tails. □ 

Proposition 6.8 remains valid for the limit case s ^ oo with the same proof, see [28]. 
Taking furthermore t ^ oo leads to the situation considered by Kakehi, Masuda and Ueno 
[22], see also [21], [57]. 

6.5 The spherical Fourier transform. Suppose that s >t > 1, and define 



L = Aiz){T^2-l) + B{z){T^-.-l), 



(6.11) 



^(^)=.^(1 + ^)(1 + ^), i^(.) = (! + -)(! + -) 




(6.12) $^(,1+2.) (//(x)) 



{q'^, q'^, q'~^'^s~2, q'^+'^^s~'^, qH'"^; q^) 





(^4+2A^-2^ ^2+2As-2^ ^2^-2^ qx±l / st; q^)^ 

X 8W^7(9'+'V*'; ?'+'V*'; q-'^^s-^) 
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by an application of [17, (III. 24)]. Here (f)x is defined in (6.8). For (6.12) to be well-defined 
we need that 0a is invariant under interchanging q^'^^^ and q~^~'^^, or changing A into 
— 1 — A. This is not obvious from (6.8), but it can be obtained from Bailey's transformation 
for a very-well-poised 8(^7-series [17, (2.10.1)], or directly from the proof of Lemma 6.4 as 
given in Appendix B. The quantum group theoretic interpretation of the invariance is that 
the principal unitary, complementary and strange series representations are all obtained 
from the so-called principal series representations which are equivalent for A and —1 — A, 
see Burban and Klimyk [8] , Masuda et al. [41] . 

We now define the spherical Fourier transform of a (s, t)-spherical element ^ = f{ps,t)i 
with / continuous and compactly supported on the spectrum of 7ri(ps^t), by 

(6.13) = [ f{x)^Ax)dv{x;q-,q'-;-qst\q^) = {rf){a), 

Jw St 

which is, up to constant, formally equal to h(^((/)x{Ps,t))*C) with a = n{q^~^^^). The spher- 
ical Fourier transform (6.13) is a special case of the Askey- Wilson function transform as 
studied in [29]. There an inversion formula is obtained, which reduces to the following 
theorem in this situation. 

Theorem 6.9. Assume s > t > 1. The spherical Fourier transform of (6.13) is inverted 
by 

f{x) = C J {Tf){z) ^^{x)diy_q-4,-2{z;q,q, qt'^; qs^\q^), 

C = {qs)-Hq', q\ qH'^ qH-^q^s'^; q^)l,e{-q^fQ{-t-^)e{-s-% 

as an identity in L'^(M.,du{-;qs/t,qt/s; —qst\q'^)). The notation G(a) = (a, g^/a; g^)oo for 
a (normalised) theta product is used. 

Remark 6.10. (i) We refer to [29] for complete proofs and the appropriate generalisation of 
Theorem 6.9. Note that the spherical Fourier transform is self-dual for the case s = t = 1. 
In compliance with the situation for the compact quantum SU{2) group case, we could 
call the spherical functions for the case s = t = 1 the continuous g-Legendre functions, 
cf. [5], [25], [26], [27]. For the SU{1, 1) group the spherical Fourier transform is given by 
the Legendre function transform, which is also known as the Mehler-Fock transform, see 
[32], [60, Ch. VI], [61, Ch. 7]. So the transform (6.12) and its inverse of Theorem 6.9 is a 
two-parameter g-analogue of the Legendre function (or Mehler-Fock) transform. 

(ii) We see that the support of the Plancherel measure of the spherical Fourier trans- 
form is [—1,1], which corresponds to all of the principal unitary series representations, plus 
the discrete set {iJ,{—q^~'^'')\k e N}, which corresponds to the strange series representations 
with A = — 1 + /c — i7r/2 Ing, e N, (and £ = 0). Note that the support is independent of 
s and t. Indeed, the existence of a non-trivial kernel of YgA in an admissible irreducible 
unitary representation of t/g(5u(l, 1)) is independent of s. 

(iii) For the limiting cases we obtain the big g-Legendre function transform, which 
is studied and inverted in [28], for s — > oo, and the little qf-Legendre function transform, 
which is studied and inverted in [22], [57], [21], Appendix A, for s,t — >^ oo. In all these 
cases the support of the Plancherel measure is as in part (ii) of this Remark. 
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6.6 Other K-types. In the previous subsections we have interpreted in a formal way 
a special (2 continuous parameters) case of the Askey- Wilson function transform as the 
spherical Fourier transform on the quantum SU (1,1) group. This is connected to the (s, t)- 
spherical part of the Cartan decomposition in Theorem 3.6. It is also possible to associate 
a Fourier transform related to the non-trivial K-types in the Cartan decomposition of 
Theorem 3.6, and this allows us to interpret a 4-parameter (2 continuous, 2 discrete) 
case of the Askey- Wilson function transform on the quantum SU{1, 1) group. Since the 
derivation lives on the same formal level we only shortly discuss this more general case, 
and we refer to [29] for the precise analytic proof of the Askey-Wilson function transform. 
For the limiting cases we refer to [28] for the big g-Jacobi function transform and to [21], 
or Appendix A, for the little qf-Jacobi function transform. We stress that the formal results 
of this subsection have served as the motivation for the analytic definition of the general 
Askey-Wilson, respectively big g-Jacobi, function transform in [29], respectively [28]. 

First we consider the action of the Casimir operator Q. Since is central, it preserves 
the Cartan decomposition. So we have, cf. Theorem 3.6, 

(6.14) a(rg(.,t)/(p,,,)) =rg(.,t)(L/)(p,,,) 

for some linear operator L. In the rest of this subsection we take p = 2, the other cases 
can be treated similarly. In order to determine L we proceed by determining A'^Q modulo 
Uq{su{l, l))iAYt - X-i{t)) + {YsA - Xj{s))Ug{su{l, 1)) with Xj{t) as in Lemma 3.2. This 
is done as in Lemma 6.6 using Koornwinder's method, and we find that it is a linear 
combination of A*^"*"^, A'^ and A'^~'^ with explicit rational coefficients in q'^ . Next we 
evaluate (6.14) in A". Since A" is group-like in Uq{$u{l, 1)), i.e. A{A'') = A" ® A" , this is 
a homomorphism. So 

vf]{s,t){A^) {Lf){f,{qn) = (rg(.,t) {Lf){p,,,)){An = {T\']{s,t)f{p,,,)){A'^n) = 

V'+(9')rS5(«,t)(A'^+^)/(//(g^+^)) + V'°(?')rg(.,t)(A^)/(^(Q^)) 

+ i^-{q')ri^^{s,t){A^-')f{^i{q-^-')) 

for certain explicit rational functions i/j'^ , i/j^ , . Using (3.16) and the homomorphism 
property we can calculate T^^j {s,t){A'^) explicitly in terms of finite q'-shifted factorials. 

For j e {-i, 1 - z, ... ,0 we have rg(s,t)(^-) = Cq-'''iq'+'' /st; q%-^{q^+^ s/t; q%+j 
for a non-zero constant C independent of u. In this way we can determine L in terms if 
an Askey-Wilson difference operator. We find 

q''+\q - q-y L = ^{z){Tq. - 1) + ^{z-'){Tq-. - 1) + (1 - q^'^')\ 

(6.15) (1 - qtz/s){l - q^+^'-'^^z/st){l - qstz){l - q^+^'+'^hz/t) 
'^^^^ ~ (l-z2)(l_^2^2) • 

With respect to the measure (iz/_i(.; g^+^^+^-'s/t, gt/s, q'^+^'~^-'7st; qstlq"^), the operator L 
is formally symmetric, cf. Theorem 5.8, Proposition 6.8, and see [29] for the general case. 
See also [26, §7] for the compact case. 
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To find the appropriate eigenfunctions of L we have to determine to which of the 
irreducible admissible unitary representations of Uq{su{l, 1)) as in §6.1 we formally can 
associate an element in the corresponding part of the Cartan decomposition. So we have 
to determine for which of the representations there exists eigenvectors of YgA and YtA for 
the eigenvalues Xi{s) and \j{t) as defined in Lemma 3.2 with i,j G |Z. This is done in 
Appendix A, cf. §6.2, where essentially the complete spectral analysis of YgA in any of the 
irreducible admissible unitary representations is described. Now for the principal unitary, 
complementary and strange series we have an eigenvector of T* ^{YgA) for the eigenvalue 
Xi{s) for every • G {P,C,S} and A with e = i mod Z. In order to have Xi{s) in the 
discrete spectrum of T* ^(YgA) we need > 1. In the discrete series, T^{YgA) has an 

eigenvector for the eigenvalue Xi{s) for only finitely many values of k. Moreover, we need 
k = i mod Z and for z < the eigenvalue can occur only in the negative discrete series and 
for z > it can occur only in the positive discrete series. Here we assume \s\ > so that 
we are dealing with essentially self-adjoint operators. Let us denote such an eigenvector, if 
it exists, by Vs{i). Assuming that the irreducible admissible unitary representation T* ^ or 

contains both Vs{j) and Vt{—i) we formally see that f\{X) = {T* ^{XA)vt{—i),Vg{j)) 
satisfies (3.15) with A = A_j(t), n = Xj{s). In case j G {— i, 1 — z, . . . , z} we formally obtain 



fx = Y.^V,{-i),em){enMj))r^'Tl,.^n,m = ^l"] M 4f {ps,t) 
n,m 



for some function (l)^'^- Here n,m run through Z if T* ^ is in the principal unitary, 
complementary or strange series representations and through Z>o T* ^ = is in the 
discrete series representation. Evaluating in A'^ we can obtain (p^'P from 

n 

From this we can, in a similar way as for Lemma 6.4 determine </>^*£^ explicitly for the 
principal unitary, complementary and strange series representations for the diagonal case 
i = —j. An extension of Rahman's method in Appendix B can be used to sum the other 
cases. (This is pointed out to us by Hjalmar Rosengren.) In case of the positive discrete 
series the sum runs through Z>o and the coefficients of vt{j) are Al-Salam and Chihara 
polynomials, see (5.3) and [30]. The sum can then be evaluated using the Poisson kernel 
for the Al-Salam and Chihara polynomials obtained by Askey, Rahman and Suslov [4, 
(14.8)]. In the case j G {— i, 1 — z, . . . , z} we find, up to a scalar independent of z, in the 
case of the positive discrete series T^, 

A^,J). . .-X q'+'^-''stz, q'+^^-^>^sz/t, q'-^'-^>^stz, q'+^'-^>^sz/t; q^)^ 

(Px,e \^\^)) ^ {q^-^^+^js'^z'^,q^+'^^-^>^stz,qsz/t,qz/st,q^-'^^-'^Hz/s;q'^)oo 
X sWriq'^^-^^s^z''; qstz, qsz/t, q^^'^^'s^, q'+^^'^'stz, q'+^'+^hz/t; q^ q-^^-^h'^), 

where A is equal to —k, see §6.1. After application of [17, (2.10.1)] we can relate the right 
hand side with the asymptotically free solution of Lf{z) — [k + M'^fi^) for 2; — > as 
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considered in [29]. Using the connection coefficient formula [17, (2.11.1)], see [29], we can 
show that the right hand side is indeed invariant under z to z~^, and that it coincides, up 
to a constant, with the Askey- Wilson function, i.e. the spherical function for the Askey- 
Wilson function transform, since one of the connection coefficients vanishes. By comparing 
with [19], [55], [56], we see that these functions are indeed solutions to the Askey- Wilson 
difference operator of (6.15). 

Next we formally associate the corresponding Fourier transform to the diagonal case 

by 

/ - Mq'^'')) = /^((rSi(.,t)0ir^)*rl^l,(.,t)/(p.,)). 

The explicit expression of h, see Theorem 5.8, and of 4>^^'^ can be used to formally invert 
this transform by a spectral analysis of the operator L related to the Casimir element Q, 
assuming that the measure for the case p = 2 in Theorem 5.8 is positive. See [29] for 
the rigorous analytic derivations and for the explicit inversion formulas. From this result 
we see that the Plancherel formula is supported on the principal unitary series and the 
same discrete subset of the strange series, cf. Remark 6.10(ii), plus on the discrete series 
representations that allow a map fx as before, i.e. for those discrete series representations 
that contain the appropriate eigenvectors of YgA and YtA. For all other cases we can 
proceed in a similar fashion. 

The limit case s — oo gives a 3-parameter family of big g-Jacobi function transforms 
in this way, see [28] for the analytic proofs. Taking moreover t — > oo brings us back to the 
case studied by Kakehi [21]. 

Appendix A. Spectral analysis of a doubly infinite Jacobi matrix 

In this subsection we give the spectral analysis of a doubly infinite Jacobi matrix that 
arises from the second order qf-difference equation for the basic hypergeometric series 2<fii- 
In a way the results can be viewed as the spectral analysis of a qf-integral operator on 
(0, oo) with a basic hypergeometric series as kernel. The result covers in particular the 
little g- Jacobi function transform as studied by Kakehi [21], see also [22], [57]. The method 
of proof is similar to the one used in [21], so we are brief. The result is more general. 

A.l Generalities. In this subsection we collect some generalities on the study of the 
symmetric operator on the Hilbert space £^(Z) defined by 

(A.l) Lcfe = afeCfe+i + fcfeefe + a^ZIefc_i, afe 7^ 0, 6^ e R, 

where {ek}kei is the standard orthonormal basis of £^(Z). By replacing et by e^'^'^Ck with 
V'/c — i^k+i ~ sixgttk we see that we may assume that Ofe > 0, which we assume in this 
subsection from now on. We use the standard terminology and results as in Dunford and 
Schwartz [16, Ch. XII], see also Berezanskii [7], Kakehi [21], Kakehi et al. [22], Koelink 
and Stokman [28], Masson and Repka [40], Rudin [51], Simon [54]. 

The domain V of L is the dense subspace of finite linear combinations of the 

basis elements Cfc, then L is a densely defined symmetric operator. Let L* with domain 
T>* be the adjoint and L** with domain T>** the closure of L. The deficiency indices are 



FOURIER TRANSFORMS ON THE QUANTUM SU{1, 1) GROUP 



57 



equal since L commutes with complex conjugation and they are less than or equal to 2, so 
that L has self- adjoint extensions. 

For any two vectors u = u{k)ek and v = YlkL-oo '^i^)^k we define the Wron- 

skian by 



Note that the Wronskian [u, v] (k) is independent of k if Lu = xu and Lv = xv for x G C. 
In this case we have that u and v are linearly independent solutions if and only if [u, v] ^ 0. 

Associated with the operator L we have two Jacobi matrices J+ and J~ acting on 
£^(Z>o) with orthonormal basis {/fc}A;ez>o) which are given by 



initially defined on V{Z>o). Then are densely defined symmetric operators with defi- 
ciency indices (0, 0) or (1, 1) corresponding to whether the associated Hamburger moment 
problems is determinate or indeterminate, see Akhiezer [1], Berezanskii [7], Simon [54]. 
Moreover, by [40, Thm. 2.1] the deficiency indices of L are obtained by summing the 
deficiency indices of J'^ and J~ . 

From now on we assume that ak is bounded as /c ^ — oo. Then lim^^_oo [w, v] (m) = 
for u,tj G V*. By [7, Thm. 1.3, p. 504] it follows that J~ is self-adjoint, hence the space 
S~ = {u I Lu = xu, ^k=-Qo < oofor some iV G Z} is one-dimensional for x G C\M 

by [1, §1.3]. Let us say that spans S~ for x G C\M. The similarly defined space 

= {u \ Lu = xu, J2T=N < oofor some N e Z} is either one-dimensional or 

two-dimensional according to whether J+ has deficiency indices (0,0) or (1,1), see [1, 



For the purposes of this appendix, it suffices to consider the case that J+ has deficiency 
indices (0, 0), which we will assume from now on. In particular L is essentially self- adjoint, 
i.e. T>* = V**. The closure L** of L satisfies the same formula (A.l), so we denote it also 
by L. We thus have that 5'+ is one-dimensional, say spanned by 0a; , and we have that 

^x] 7^ 0. Indeed, cannot be in S'^ since otherwise Lu = iu would have a non-trivial 
solution in £^(Z). 

We also have to deal with possible non-real solutions of (A.l). Note that if ipx is a 
solution of Ltpx = xipx, then so is -0^ defined by il^x{k) — i^x{k), since we assume that the 
coefficients and bk are real. Observe in particular, that (f)^ and are multiples of (f)x 
and respectively, since the subspaces 5'^ are one-dimensional. 

Having the solutions and (f)x at hand we can define the Green kernel for x G C\M. 



(A.2) 



[u, v] (k) = ak {u{k + l)v{k) 



v{k + l)u{k)). 



(A.3) 




Ch. 1]. 



by 



(A.4) 
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and the operator {Gxu){k) = {u,Gx{k,-)) — ^'^_ooU{l)Gx{k,l) for u e £^(Z). Note 
that this is well defined, since Gx{k,-) e for all k. Special cases of the following 

proposition are proved in [22], [21] and [11]. 

Proposition A.l. Let L with domain V be essentially self-adjoint, then the resolvent of 
the closure of L is given by ((a; — L)~^uj{k) = X]/^-oo '^(0^a;(^; 0- 

Since L with domain V** is self-adjoint we have the spectral decomposition, L = 
J^tdE{t), for a unique projection valued measure E on M. This means that for any 
vectors u G V**, v G £^(Z) we have a complex measure Eu,v on M such that {Lu,v) = 
J-^tdEu,v{t), where Eu,v{B) — {E{B)u,v) for any Borel subset i? C M, see [51, Thm. 
13.30]. The measure can be obtained from the resolvent by the inversion formula, see [16, 
Thm. XII.2.10], 

r-X2—5 

(A. 5) ^,((a;i, a;2)) = limlim / {{x — ie — L)~^u^v) — {{x + is — L)~^u^v) dx^ 

5i0 eiO 27rz Jnc^j^s 

where xi < X2- Combined with Proposition A.l, we see that the Wronskian is crucial for 
the structure of the spectral measure. In particular, if ((x — L)~^u,v) is meromorphic in 
a subset of C we find that Eu,v has discrete mass points at the real poles, and for a real 
pole xo we can rewrite (A. 5) as 

(A.6) Eu,v{{xo}) = ^ (f {{x-L)-\,v)dx 

where the contour is taken in the subset where {{x — L)~^u,v) is meromorphic and such 
that it encircles only the pole xq. 

Finally, observe that from the explicit formula for the Green kernel (A. 4) we get for 
X eR and £ > 0, 

(A.7) {{x±ie- L)-'u, v)^Yl ^^^^^^^^f^ («(0^ + uik)W)) (1 - W^). 

A. 2 The g-hypergeometric difference equation. Consider the second-order g-diffe- 
rence equation, see [17, exerc. 1.13], in the following form 

(A.8) (y + y-^) f{k) = {d - ^) f{k + 1) + q->^^-^f{k) + {d-' - ^) f{k - 1). 

We assume that d and z are non-zero, and as usual we take < g < 1. For the difference 
equation we have the following solutions in terms of basic hypergeometric series; 

(A.9) f,iy){k)^ 2^1 (^'^^'f^;q,zq''y c^q-^>-^ ^.[y) ^l{y + y-^)^ 

which is symmetric in y and y~^ and 

Fy{k) = {dy) y '^'~d2^;' ^ ' 
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SO that we also have Fy-i (k) as a solution to (A. 8). Here we use Jackson's transformation 
formula [17, (1.5.4)] to give a meaning to f^{y){k) and Fy{k) in case that \zq^\ > 1 and 
\q^~''c/(Pz\ > 1, respectively, for z^cPz/c ^ q^. 
These solutions are related by the expansion 

= <y)Fy{k) + c{y-')Fy-i{k), 

(A.IO) {c/dy,d/y,dzy,q/dzy;q)oo 

c[x) — 



(y '^,c,z,q/z;q)oo 

for d,c, z ^ 0, I arg(— < tt, c ^ q~^^" , y^ ^ q^, see [17, (4.3.2)] and use the theta-product 
identity (2.9). 

Next we consider the associated operator 

/j. l — k 

(A.ll) 6 ^ (^ - ^) a+i + + id-' - ^) a-i, 

where we now assume that {^fcjfcez is an orthogonal basis of £^(Z). We can now ask for 
what values of the parameters d, c and z we can rewrite the operator as a symmetric 
operator of the form as in (A.l). Inserting the orthonormal basis Ck = Cfe/||Cfc|| in (-^-H) 
shows that we have to have that {c + q)/dz e M and 

^A_;L2) Uk+if _d-'-q-'/dz _ 1 l-q-^/z 



llCfclP d-cq-^/dz \d\'^l-cq-^/d'^z' 

Hence the right hand side of (A. 12) must be positive for all e Z. Note that we assume 
that the numerator and the denominator are non-zero for all G Z, in order not to reduce 
to the Jacobi matrix case. So we assume z^c/d'^z ^ q^. On the other hand, if the right 
hand side of (A. 12) is positive for all k ^ Z we can define recursively from (A. 12) 
and we find a symmetric operator of the form (A.l) assuming that {c + q)/dz G M. So 
positivity of the right hand side of (A. 12) and {c+ q)/dz G IR are necessary and sufficient 
for the mapping in (A.ll) to be symmetric. In the following lemma we give an explicit 
description of the parameter domain which satisfy these conditions. The proof is similar 
to the determination of unitary structures on irreducible principal series representations 
of t/g(5u(l, 1)), see [41, part II, §2]. 

Lemma A. 2. Assume z^cjdt^z ^ g^. The right hand side of the q-hypergeometric differ- 
ence equation (A. 8) can be written as a symmetric operator on £^(Z) of the form (A.l) if 
and only if {c+ q)/dz G M and one of the following conditions holds: (1) zc = d^z, or 

(2) z > 0, c d"^ and zq^^^^^ < cjcf^ < zq^° , where ko e Z is such that 1 < q^°z < q~^ , 
or (3) z < 0, c 7^ and c/d'^ > 0. In these cases the parameters of (A.l) are given by 
bk = q~^{c + q)/dz and 

<.. = \/(i-^)(i-^). 

after multiplying the basis {cfc} with suitable phase factors. 

Remark. For later purposes, we furthermore assume that c, dz G M. For the cases (2) and 

(3) this implies c > 0, d G M, while for case (1) this implies that c > and c = since 
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I^P = (dz)'^. Note that we may assume A;o = by replacing k hy k + ko in (A. 8), and 
replacing z by zq^°. 

We now consider the cases described in Lemma A. 2. The symmetric operators are 
given by 2Lek = akCk+i + fefcCfe + ctk-i^k-i with and bk as in Lemma A. 2. Put 



where '0^ G R are such that V'fc+i — i'k — arg((i(l — q~'^/z)) — arg((i(l — cq~^ /(f'z)) for 
all k. Then u = wf = X^^ez ^ solution to Lu = jJL{y)u if f{k) is a solution 
to the hypergeometric g-differencc equation (A. 8). Observe furthermore that for k — > — oo 
we have | arg(l — /z) \ = 0{q~'^), so that ipk+i — tpk (mod27r) arg((i) as A; ^ — oo. 

Lemma A. 3. Let c,dz G M and assume that the parameters satisfy the conditions as 
described in Lemma A. 2. Then the operator L with domain VCZ) is essentially self-adjoint 
for < c < q'^. 

Proof. The are bounded for k — oo, so it suffices to show that the Jacobi matrix 
associated to L is essentially self-adjoint, see the previous subsection. By [7, Ch. VII, §1, 
Thm. 1.4, Cor.] we have that J+ is essentially self-adjoint if + afc_i ±6^ is bounded from 
above as A; — > oo for a choice of the sign. Use = q~^ ^fcJWz^ —\{z-\- d'^z/c) -\- 0{q^), 
k — > oo, then the boundedness condition is satisfied if the coefficient of q~^ in ak+cik-i^hk 
is non-positive. Since c > 0, c/z e M, this is the case when {l-\-q)^/c < c-\-q. For Q < c< 
the inequality holds. □ 

From now on, we will assume throughout this appendix that c, (i^ G M, < c < g^, 
and that the parameters satisfy the conditions as described in Lemma A. 2. Let 5"^ be the 
eigenspaces of L corresponding to the eigenvalue x as defined in the previous subsection, 
and [•, •] the Wronskian associated to L. 

Lemma A. 4. The solution wFy spans S^^^^ for y G C, \y\ < 1, and wfi^(^y) spans S'^^^-^ 
for ii{y) G C\M. Furthermore, 

1- 



when fj,{y) G C\M, where c{y) is defined in (A. 10). 

Proof. Since Fy{k) — 0[{dy)~'') as k ^ — oo, the first statement follows from (A.13). 
Since ffj,(y){k) = 0{1) as /c — > oo and, by (2.9), 



we have wf^^y^ G for |c| < 1. By Lemma A. 3 and the generalities of the previous 

subsection it follows that iu/;u(2/) spans the one-dimensional space 
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It remains to calculate the Wronskian. By (A. 10) and the fact that wFy is a constant 
multiple of wFy, see §7.1, we have 



["^■fey' '^^y^ = ^(y ^)[wFy-i,wFy 



The lemma follows now from 



[wFy,wFy-i]= lim [wFy,wFy-i]{k) = 

lim ^\w{k)wik + 1)1 (e^(^'=+i-'^'=)Fy(fc + l)Fy-i{k) - e'^''"'-'l"'+^^ Fy{k)Fy-i{k + 1)) 
fc— »— oo 2 

fc— > — oo 2 

= liy-'-y)- □ 

We define for x G C\M, (p^ = wf^ and — wFy, where y is the unique element in the 
open unit disk such that x = iJ.{y). By Lemma A. 4 and Proposition A.l, we can give an 
expression of the resolvent {x — L)~^ in terms of the two functions (j>x and In order to 
use (A. 5) for the computation of the spectral measure of L, we have to calculate the limits 
as £ I in (A. 7). Note that (j)x±ie — wfx as £ | for x G M. For the asymptotic solution 
$a; we have to be more careful in computing the limit. For a; G M satisfying |a:| > 1 we have 
^x±ie ~^ i^Fy as £ I 0, where y G (—1, 1)\{0} is such that n{y) = x. If t G [—1, 1], then 
we put X = cosx — Ai(e*^) with x ^ [0, tt], and then ^x-is wF^ix and ^x+ie wFf,-ix 
as £ J, 0. 

Let us for the moment assume that the zeros of the c- function of (A. 10) are simple and 
do not coincide with its poles. For the case |a;| < 1, x = cosx = A*(c*'^) u,v e ViX) 
we consider the limit 

(A. 14) lim((a; - ie - L)~^u, v) - {{x + ie - L)~^u, v) 

ej.0 



f w{k)F^ixik)w{l)fcosx{l) _ w{k)F^~ix{k)w{l)fcosx{l) ' 

1 



X {u{l)v{k)+u{k)v{l)){l--5k,i). 
Observe that the term within the big brackets can be written in the following two ways, 



74A:)/eo,^(A:)»'(0/,o,^(/) _ t/)(A0iv,4A:)»;(Oi^„,;,(O (fc)i^ - , .( AQ »' (Q /.p, ^ (/) 
|c(e»^)P(e-*^ - e^^) c(e»>^)(e-*^ - e»>^) c(e-»>^)(e*^ - e-^^) 

^r) ^ 1 / W(fe)/cosx(fe)^^(0/cosx(0 \ 

^ ■ ^ 2\c{e^x)c{e-^x)[wF^-ix,wFeix])' 

Here the first equality follows from the connection coefficient formula (A. 10) and the fact 
that |c(e*^)| = |c(e~*^)| by the conditions on the parameters. The second equality follows 
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again by the connection coefficient formula (A. 10), and the fact that for y E C\{0} with 
M e C\M, 



WFy WFy 2wFy WFy 



[wFy,wFy-i] [wFy,wFy-i] y ^-y [wFy,wFy-i] 



since wFg is a constant multiple of wFy and using the last step of the proof of Lemma A. 4. 
From the second identity for the term in big brackets in (A. 14) we see that it is symmetric 
in k and I, so we can symmetrise the sum in (A. 14). Using then the first identity for the 
term in big brackets in (A. 14) we obtain 



\vaiLix — %e — L) u,v) — {{x + te — L) u,v) — 2 > — , , . . — - — ^ 

eio^^ / ' / \v / ) / ^ |c(e*^)|2(e-»><: - e»><:) 

/c . / — oo 



Hence, with dx = |(e*^ — e '^^)dx, we obtain for < xi < X2 < ti" and u,v E T>{Z), 



c(e 



1 f^^ 

Eu,v ((cos X2, COS xi)) = — J {:Fu) (cos x) {:Fv) (cos x) ■ 

where 

oo 

(A.16) {Tu){x) = {u,wU)= u{k)w{k)Uk) 

k=—oo 

for u e I>(Z) is the corresponding Fourier transform. 

Next we consider the case \x\ > 1, a; e R, then we have from (A. 7) and Lemma A. 4 

that 



lim((. ±^e- L^u, .) = 2 ^(fe)^. W^(0/m.)(0 ^^^^^^ ^ ^^^^^ _ 1 ^^^^^ 

t^i c[y-^)[y-^ - y) ^ 

where u,v E V{Z) and where y E (—1, 1)\{0} is such that x = iJ,{y), provided that y~^ is 
not a zero of c(-). It follows by the bounded convergence theorem that Eu,v{{xi,X2)) = 
when (xi,X2) H [—1, 1] = and {xi,X2) does not contain xq = n{yo) with yo E (—1, 1) a 
zero of the map y i— > c{y~^). 

Suppose now that {xi,X2) n [—1, 1] = and that {xi,X2) contains exactly one point 
xo = fJ'iyo) with c{yo) = 0, where yo ^ is such that \yo\ > 1. Suppose furthermore that 
yo is a simple zero of c(-), and that c{yQ^) ^ 0. Then it follows from (A. 6) after the change 
of variable x = n{y), that 

{E{{xo})u,v) = {E{{xi,X2))u,v) = 
J2R^s^=y^.[=^^)w{k)F^-^{k)^iJJ^^ 



k<l 
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Now using the connection coefficient formula (A. 10) and the fact that c{yo) — 0, we have 
w{k)Fy-i{k) = c{yQ^)~'^w{k)fxo{k). Since w{l)fxQ{l)w{k)fa;o{k) is symmetric in k and Z, 
cf. (A. 15), we can symmetrise to find 



oo ^ 

{E{{xq})u,v) = KeSy=yA=^ — —)w{k)f^^{k)u{k)w{l)f:,^{l)v{l). 

Observe that {z,q/z;q)ooc{y) is real for y G M and that all zeros of the c-function 
outside the unit disk are real. For parameters satisfying condition (2) or (3) of Lemma A. 2 
and c > 0, dz E M., this is obvious. For parameters satisfying condition (1) of lemma A. 2 
and c > and dz e M, this follows from the fact that \d\ — \c/d\ < 1 since = c < q'^. It 
follows now easily that, for generic parameters, the support of the resolution of the identity 
£■ of L is given by [—1, 1], which is exactly the continuous spectrum of L, together with the 
discrete set {xq = fi{yo) \ yo G M\[— 1, 1], c{yo) = 0}, which is exactly the point spectnmi 
of L, cf. [22] and [28]. These remarks prove a large part of the following theorem, see [22], 
[28] for more details. 

Theorem A. 5. Consider d, z as non-zero complex parameters such that dz G M. Suppose 
that < c < q^, and that z,c/d'^z ^ q^ . Assume furthermore that the parameters satisfy 
one of the following three conditions: (1) zc = d^z, or (2) z > 0, c ^ d^ and zq''°'^^ < 

cjcP' < zq^" , where ko E 7j is such that 1 < q^^z < q~^ , or (3) z < 0, c ^ rf^ and c/d"^ > 0. 
Consider the following unbounded operators on £^(Z) defined initially on the domain T> of 
finite linear combinations of the orthonormal basis vectors {efcjfcez/ 



hk = q~^{c + q)/dz E R, 



2L Cfc — Ofc efc_|_i + 6fc Cfc + a.k-i ^k-i 



Then L is essentially self-adjoint, and the closure L** of the operator L is given by the 
same formula on V**. The spectral decomposition L = J^xdE{x) is given by 



{Lu,v) = \(c, z,q/z;q)oo\'^ / x{^!Fuj(x)(j^v)(x) di'(x;c/d,d;q/dz\q), tt G X>**, v G £^(Z), 

where the measure dv{-; a, 6; d\q) is defined in (5.11), (5.5), and where the Fourier transform 
T : £2(Z) ^ L2(M, dp{-; c/d, d; q/dz\q)) is the unique continuous linear map which coincides 
with the formulas (A. 16), (A. 13) and (A. 9) on V. 

Remark, (i) This theorem extends the result by Kakehi [21] to a much larger parameter 
set. Kakehi's result corresponds to case (3) with z = —1 and c and d in a discrete subset. 
The proof is essentially the same. 

(ii) The Fourier transform J^:£'^{Z) — > L^(M.;di'{-;c/d,d;dz\q)) is in fact an isometric iso- 
morphism after scaling it by (c, z, q/z; q)oo. 
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(iii) It can be shown that the closure of L has deficiency indices (1,1) if one replaces the 
condition < c < by < c < 1. Indeed, since |c| < 1 we have wfx G for x e C\]R. 
On the other hand, 

k -k ( qdy/c,qd/cy A 

gx{k)^qc y J' x = i^iy), 

is also a solution of the q'-hypergeometric difference equation (A. 8). Since \w{k)gx{k)\ = 
0{q'^\c\~'^^'^) as k ^ cxo, we find a new ^^-solution of Lf = xf as k ^ oo for 1 > c > g^, 
which is linear independent of wfx- So S^, x G C\M, is two-dimensional for < c < 1, 
which implies that L has deficiency indices (1, 1). 

Appendix B. Summation formulas 
BY MizAN Rahman 

In this Appendix the proofs of Lemma 5.5 and Lemma 6.4 are given. In both cases it 
involves an expression for the Poisson kernel of the little g-Jacobi functions. The structure 
of the proof is similar in both cases. The proof of Lemma 5.5 splits into two cases; one for 
the absolutely continuous part and one for the infinite set of discrete mass points. This is 
treated in the first two subsections. The proof of Lemma 6.4, treated in the last subsection, 
is similar to, but simpler than, the proof of Lemma 5.5 for the absolutely continuous case. 

B.l Proof of Lemma 5.5 for the absolutely continuous part. The idea of the proof 
is to write the product of two little g-Jacobi functions as an infinite sum of Askey- Wilson 
polynomials, and next to use an integral representation for the Askey- Wilson polynomials. 
Interchanging summation and integration gives a summable series as the integrand. The 
resulting integral can then be evaluated, and after some series manipulation we arrive at 
the desired result. We give the proof in several steps. Recall that our basic assumption is 
that the real parameters s and t satisfy \t\ > 1, |s| > 1. 

First use [17, (1.4.6)] to write the little g-Jacobi function of §5.2 as 

, / .1 2n (-g^''^"^;g^)oo f qtz/s,qt/sz 2 2n+-2\ / N 1 . . _lx 

(j)n{x;s,t\q ) = — 5—^- 2V1 2-2 * ] iX = ii{z) = -{z + z ), 



(-g2^g2)oo V q's-^ , . . 2 

where we use the analytic continuation of the 2V'i-series as in [17, Ch. 4]. Using the 
theta-product identity (2.9) we see that we have to evaluate 

(B.l) 



E(^) 



/ qte''^ /s.qte / s ^ 2n^-2\ (qe'^/ts,qe /ts ^ 2n 



,2^1 2-2 '^1 ^-1 t 2^1 2-2 

= Q^(cos^) = 1-2. !?i Ruicos9;s,t\q''). 

Recall the definition of the Askey- Wilson polynomials, see [5], [17, §7.5], 

f q-"',q"'-^abcd,ax,a/x 
(B.2) pm{x;a,b,c,d\q) = 4<P3[ , ; g, g 

We can take the first step, which allows us to separate the summation variable n from the 
product of the two 2<^i-series in (B.l). 
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Lemma B.l. For \w\ < 1 we have 



°o / 2 -2 2ie 2\ iO iO „p-i6 „p-ie 



m=0 



Proof. Since |w| < 1 and \t\ > 1, we have < 1. Use the series representation of the 

two 2¥'i-series to write the left hand side as an absolutely convergent double sum. Next 
split off the power of w in order to write the left hand side as 

y^my (ge-V,st, ge-y.t; g^)^., jqte^'/s, qte-^'/s; q^)k ^-2k^ 
Using elementary relations for the g-shifted factorials, see [17, §1.2], we can rewrite this as 



{qe'yst,qe-'yst]q^)m f q'^"^ , s^q'^"^ , qte^ys, qte-'^s ^ 2 

(JU - I . „ „ 

m=0 



Since the 4(/73-series is terminating and balanced we can transform it using Sears's trans- 
formation [17, (2.10.4)] with a, d replaced by qte^^ /s^ q^s~'^. Then the 4(/73-series can be 
written as an Askey- Wilson polynomial, and keeping track of the constants proves the 
lemma. □ 

Our next step is to use an integral representation for the Askey- Wilson polynomial in 
Lemma B.l. There is a number of (g-)integrals for the Askey- Wilson polynomial available. 

Lemma B.2. We have the integral representation for the Askey-Wilson polynomial; 

ge^ ge^ ge^^ ge^^ 2 1 r (f e-^(^+^); g^)^ ^ ge^(^+ ^) 

« ' 5 ' « ' s 27ry_f^e^(.+^);g2)^V as 



• as'- 
^3 



( -e*^ , ^e-'^ , kate-'^, f^e^^ , ^e^(^+V') ; g2) ^ 
(JLe^io+i^)^ ^e*(e+V') JLeii^-o) rrte-'"^, Te"*^; g2)oo 

^as ' as ' as ' ' t 

^ (g2, qte^^ /s, qe^^ / st, qte~^^ j s, qe~^^ j st, qte^^ j s, qe^^ / st; q^)oo 
{k, q'^/k, t'^k, q'^/t'^k, g^e^^^/s^, q^s~'^ ,q^s~'^; q^)oo ' 

where a and k are free parameters such that there are no zeros in the denominator. 

Proof. We start with the integral representation for a very-well-poised g'/'T-series given 
in [17, Exerc. 4.4, p. 122], which can be proved by a residue calculation. We use [17, 
Exerc. 4.4, p. 122] in base g^ and with the parameters a = g = qe'^^/as, b = qe~^^ /as, 
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c = at, d = a/t, f — sq^ ^"^e^^/cr and h = sqe^^ /a where a and k are free parameters. 
This gives an integral representation for a terminating very-well-poised 8<^7-series; 



I ^ a ' kt ' ' kat ' as'' ' ' ^ 



2tt J ^ (^e^(^+^),^e*(^+^),^e»(^-^),c7te-»^,fe-»^,^e»(^+^);g2)^ 

./ — TT Vers ' as ' as ' ' t 'a ) i /tju 

(rfl ntpiQ ±piO n^p-iO ±p-i6 nip'iO £-piO n<tipi^ nS.piO „2-2mp2i6l . „2\ 
Vi i^s ^ st '^s 'si '"s 'si ,qt>n^ i^t 

Now we can apply Watson's formula [17, (2.5.1)] with d = qte^^ / e = qe^^ / st to transform 
the terminating very-well-poised 8</?7-series into a terminating balanced 4<y?3-series. This 
shows that the sW^r-series equals 

( 2—2m 2id 2 —2m. 2\ id i9 ^p— i9 ^p— 

W ^ y ^q )m ^ ^ ^ I 2\ 



{qi-2mse^yt,q^--'^ste^0;q'')m ' ' s ' s 

the desired Askey- Wilson polynomial. Collecting the results proves the lemma. □ 

In the proof the freedom to choose k wisely is crucial, but the cr-dependence is not 
essential. Combining Lemmas B.l and B.2 gives the following expression 

(qte'^/s,qte-'^/s ^ ( qe'^ / st^qe''^ / st ^ 

(B-3) B{e^^),^A ^3^/,,. 



" \ as-' 



(^e^(e+V') ^e^(^+^), ^e^(V'-e) (j^-^^, ^e-^^: q^), 

^ as 'as 'as ' ' t ) i / 1 



and A as in Lemma B.2. For \w/(Tt\ < 1 interchanging integration and summation is 
justified. Note that (B.3) also gives the analytic extension of the left hand side to to G 
C\[l, oo) using the analytic continuation of the 2</'i-series in the integrand, e.g. using [17, 
(1.4.4)], 

^2^-2^2ie^S^^-i(e+i>) ^^i^' 

— 



(g2e2»7s2, wqe-'^/st; q^)^ [ qe'^^'^^ / as, we'^/at 



(^SgiCe+V') /(^s3^ we^'^jat; q^)oo \ wqe-^^/st 

We use (B.3) with (B.4) in (B.l) and we interchange summation and integration, 
which is easily justified. Then we have to evaluate a sum where now the summand consists 
of one 2</^i-series. This is done in the following lemma. 
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Lemma B.3. For max(l, |scr/g|) < \u\ < s^q~'^ we have 



n=— 00 



00 

00 



Proof. Use the analytic continuation of (B.4) and interchange summation to write the left 
hand side as 



(g3e^(^+^)/as3;g2)^ {q^-q^)m \ ) 

^ ^ ^-o2n+2me#/^^o2^ \ g2 ) 



n=— 00 



The inner sum can be evaluated by Ramanujan's iV^i-summation formula [17, (5.2.1)] for 
|sa"/g| < 1^1 < |s^g~^|. The dependence on m of the result is easy using the theta-product 
identity (2.9). Explicitly, the inner sum equals 

/^xm {.q\ qae-'^^+^^s, -uq^e'^ fats'", -e-'^ats^u; q"")^ 



uq"' {uq'^/s", sae-^^'i'+^yqu, -e^'^/crt, -g^o-te-*^; g^) 
Then the inner sum to be evaluated reduces to 

{qe'(^-')/as;q')m (e''\m _ iqe<^+'^ /asu;q')^ 



m=0 



{(p"-,(p)m u (e2«^/tt;g2), 



by [17, (1.3.2)] for \u\ > 1. Collecting the intermediate results gives the lemma. □ 

Combining (B.3) and Lemma B.3 gives an integral representation for Qu{cos6) on 
[— TT, n] where the integrand consists of a quotient of eight infinite g-shifted factorials in 
the numerator and denominator. If we specialise one of the the free parameters, k — — g^, 
this reduces to six infinite products in the nominator and denominator. Explicitly, 
(B.5) 



„ /.^ f -qHe'* -ae-'^ ge'^^+O^ qae-'^''+*^ -ats^e-'^ -uq^e'* . „2n 
^ as ' as ' as ' ' t ' qu ' ^ 

^ ^ jq^ g^ qte^ys, qe^^st, qte'^^s, qe'^^st, qte'^s, qe'^st; q^)^ 
(—1, — g^, —qH", —t~-", e^*^/tt, q^s~'", q'"s~'", uq^s~'"\ 9^)oo 

The integral in (B.5) is of the type considered in [17, §§4.9-10] in base g^ meaning that 
we can evaluate the integral by residue calculus. Indeed we may apply [17, (4.10.8)] with 
the specialisation ^ = S = C = D = 3, m = and the twelve other parameters given by 
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ai = —q^t/a^ 02 = qe^^ /asu^ = —uq^/ats"^, bi = —cr/t, 62 = qae~^^/s, 63 = —ats'^/u, 
C2 = c\ = qe^^ /as^ C3 = qe~'^^ /as^ di = at, 6,2 = cr/t, dz = ase~'^^ / qu. Then the condition 
[17, (4.10.2)] is trivially satisfied, so that we may apply [17, (4.10.8)] to write the integral 
(B.5) as a sum of three 6</?5-series. Due to aihi = g^, 0363 = g^, these 6(/?5-series reduce 
to 4(/73-series. So we have written the integral in (B.5) as a sum of three 4(/?3-series in this 
way. If we further specialise u = q~'^ two of these 4<^3-series reduce to 3(/72-series. The 
result is independent of a and it reads 

^^■'^ 1 r (^,^,^,^^,-.t.Ve--^^;aoo ,,. 

r_„2/2 _„-2 _.-2 qe^ -n^^^-n^] g*^"'' astc^^ 

f^2 Qte^^ qtei<^ qte-iO ,_2 gse-f«. 9\ ^^"^ I „2+2 g^ie'^ i Q i Q 

\q : s ^ s ^ s ' ' t \ y ' s 



(-g3.^e-^ g^ ^, -.tge^^ q'U f q\ q\ g^e-^^^ g2,2 



(^2,^2,^2,^2,-2.., 2)^ ^,4,,3|e-i^g3,te-.;^ j • 

Combining (B.6) with (B.5) and (B.l) gives an expression for i?q-2(cos ^; s, t|g^) in 
terms of two 3(/P2-series and one 4(/73-series. In order to bring the very-well-poised sV'y-series 
into play we use Bailey's extension of Watson's transformation formula [17, (2.10.10)] in 
base g^ with parameters a = q^t'^, b = qste~^^ , c = q^, d = qte^^ /s, e = qte~'^^/s, 
f = qste^^ . This gives the possibility to write the 4(/73-series in (B.6) as the sum of a 
very-well-poised series as in Lemma 5.5 and a 3(/?2-series with the same parameters as the 
first 3(/72-series on the right hand side of (B.6); 

(B.7) 

(-g3.^e-^g^-^,^,.-^-.^ge^^g2)^ / g^ g^ g^e-^^^ gV , , 



{q\ q\ q\ q^e'^^^ , j-^^, g; g^)^ W, Q'^e'^', Q'ste'^' ^ 

(g^t^, q^ste"^ , q^te"^ /s, q^te~^^ / s, -stq^e~^^ , -e^^ /qst, -qste^^ , -qe~^^ /st; q^ 
(g2, g2, g4t2, ^2g-2je, ^^g'Vs, qte'^^ j s, qste^^, qte^^s, e'^qst; q^)oo 
X sWj{qH^; qte'^/s, qte''^ js, qste'\ qste''^ , g^; g^ g^) 

(g^t^, q^te'^/s, q^s'^, s'^, -e'^/qst, -stq^e''^, -qste'\ -qe'^^ / st] q^) 



1 00 



00 



(g2, q^ste-^^, sqe'^^ /t, qte^^/s, qte^^/s, qte'^^/s, qste"-^, e'-^/qst; q^)oo 

f qte^^ ls,qte-^^ ls,qste^^ 2 2 

If we now use (B.7) in (B.6) and (B.5) we obtain the gVFr-series on the right hand side 
of Lemma 5.5 with the factor in front using straightforward manipulations of g-shifted 
factorials. 
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It remains to show that the remaining terms can be summed exphcitly. For this we 
first consider the factor in front of the first 3<^2-series in (B.6) after having plugged in (B.7) 
for the 4<^3-series. This factor is 



(g2, qte^/s, qte^^/s, qte-^^/s, qse'^^ /t, qste^^, q^ste-^^, e^^/qst, t''^; q^)oo 

/ / 2j.2 J.-2 -2 2 2 J. i6 3 4. —iO ^ 2\ 

[{-qt,-t — —,qste%q''ste'\—\q)^- 
\ st qst 

/ 2j.2 4.-2 —2 2 2 4. i9 3 j. -i6 ^ 2\ \ 

[q t ,t ,s ,q s , — ,-qste'%-q^ste — -;g)oo 

st qst / 

/ 3 / iO I iO /j- 1 2 2 2.2 -2/-2 2^ 



{qte'^^s, qste^^, qste'^^, qe^^/st, q'^, t'"^; q'^)oo 

where we used the theta-product identity (5.16) with A = qst^ (i = — e*^, x = —qt/s and 
V = —qst, see [17, Exerc. 2.16]. Having used this identity we see that the resulting sum of 
two 3(^2-series in (B.6) after having applied (B.7) can be summed by the non-terminating 
version of the Saalschiitz summation formula [17, (2.10.12)] with e = q^t'^, f = tq^e^^ /s in 
the form 

(t-^gie-^QAe-^^g,te-^ge-^;g^)^ ^e-^ gf e^^ _ , 

(f2 Q_pie Q_p-ie f.s_piB ie 2\ 3¥'2 I „ie ) ) 9 | + 

qste^\ 2 2^ _ (^-^?^?v^^?v•^';9'^ 




„2+2 g^te*'^ )y i (±pie q_p-ie le ^3t ie 2\ 



This gives the term with (/-shifted factorials in Lemma 5.5. □ 

B.2 Proof of Lemma 5.5 for the infinite set of discrete mass points. Since the 
radius of convergence for u of Ru{x; s, t\q'^) depends on x, we cannot use the result obtained 
for X e [—1, 1] in the previous subsection to obtain the value for x = iJi{q^~'^^ st) , cf. [31, 
§6]. In order to prove Lemma 5.5 for the infinite set of discrete mass points we take 
X = ii{q^~'^'^ st) in the definition of Ru{x; s, t\q^) in Proposition 5.4. For this argument we 
can use [17, (1.4.4), (1.4.5)] to rewrite the little g-Jacobi function as 

2-2fe _ 2k -2f-2 \ 
y ' y ^ . „2 „2n \ 

,2fe 



2^1 [ 2-2 ! ^ ' ~^ 

q-^s ^ 



(-g2fcs-2t-2,g2+2n-2fc.^2)^ / _g2-2fe^2^ _^2n ^ ^ ^ 



(g2s-2,_52n.^2)^ ^V'l 1^ ^2+2n-2fc ^2^2 

/'_^2fe„-2 „2-|-2n-2A;. „2\ /_/r2nj.-2 _„2-2fc „2k 

\ q ^ J q ) y ^oo q j q 



{q^s-^,-q^^;q^)oo \ g2+2n-2fc 



2 



S 



This shows the g-Bessel coefficient behaviour of the little g-Jacobi function at these discrete 
mass points. In case the absolute value of the argument is greater than one we can use 
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Jackson's transformation of a 2V'i-series to a 2</'2-series, see [17, (1.5.4)], to give the analytic 
extension which respects the q'-Bessel coefficient behaviour. Hence, we find 

(B.8) Ru{lJi{-stq );s,t\q) = 



(-1,-9^,9^5 2,^25 2.^2)^ 

°° „,„2 (.;2^2u-2k..;2\ /_„2-2fc^2 _„2n „2A; \ 

^^_J^ ^ (-?2n.^2)^ 2V'l ^ ^2+2n-2fc ^2^2^ 

/'„2+2n-2fc. „2\ / „2nj.-2 „2-2fc „2k 

_ w ' y )oo q T q 2 y 



(_^2n^-2.^2)^^^^ \^ ^2+2n-2/o ' ' ^2 

Recall the identity, see [24, Prop. 2.2, with n = 0, w = ta;"-'^^/"-'^]. 



E 

^= — 00 



(9, 9; 9)00 y>/ ^Np (»^^;9)p 9"^,c^ . _9y\ / 9"^,c _ _9W^\ 

(o,c;9)oo^ {q,q;q)p^ ^\q^-Pa-^' ' aw/ ^ ^V?^"^^"^' ' ^a;/ 

After specialising a = —y/w, c = —x/w we can use the g-Chu-Vandermonde sums [17, 
(1.5.2), (1.5.3)] to sum the two terminating 2</'i-series in the summand on the right hand 
side. This gives 

^ w-^{q-+\qU f-^.b \ (9-^+^9)00 f-^^d ' 



m=— 00 



(9, 9; 9)00 f -yd/w,-bx/w 



2Vi\ ;q,w 



{-y/w,-x/w;q)oo \ q 
valid for 1 > |w| > Indeed, using (2.10) we see that 

(g"^+^g)oo (-^.d \ fO(l), m^oo, 
2V1 1 1 -y 



{-xq^ /w;q) 00 \ q^+^ ^ i C((-a;)-"^), m ^ -00. 

Use this identity in base q^ with h = —q'^~'^^t^, d = — x = q^^ s~'^t~'^ , y — g^^s"^, 
and w = s^^, so we specialise u = q~^. Note that < 1 since |s| > 1, and \xy\ = 
q4:kg-4^-2 ^ q'^s~^, since we have to evaluate at the discrete mass point /u(— g^~^'^st) so 
that \q^~'^''st\ > 1. So we may use this identity to see that the sum in (B.8) for u = q~'^ 
equals 

„-2k (g^g^;g^)oo /^^^'^'.«2 ^-2\ ^ s-^^ (g^g^;g^)oo 

(_52fc^_^2fc^-2.^2)^2(^H^ ^2 '5'^ ; l_s-2(_52fe^_^2fc^-2.^2)^- 



Using this gives 

_ -2 ^2+2 ^2A;„-2 ^2A;„-2 + -2 ^2 ^2. ^2^ „-2fc 

R^-.{lJ.{-stq'--'')-s,t\q')^ ' 



(— 1,— g^,g^s ^,g^s '^,—q'^'^,—q'^H ^;g^)oo 1 



s 



2 ■ 



Note that specialising e*^ = ^q^~'^^st in Lemma 5.5 results in the same answer after 
manipulating theta-products, since the gVFy-series is not singular for this value and the 
factor in front of the gW^T-series is zero. Taking into account the first term gives the 
result. □ 
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B.3 Proof of Lemma 6.4. The proof of Lemma 6.4 is similar to the proof given in the first 
subsection of this appendix, but it is simpler. It again uses the Askey- Wilson polynomials 
and a corresponding qf-integral representation. However, we have to distinguish between 
the principal unitary series on the one hand and the complementary and the strange series 
on the other hand in some derivations. 

We first observe that |(f *, en)\ behaves as \s/q\'^ as n — > — oo and as \s\~'^ as n — > oo. 
This follows from the results from Appendix A. It follows that the doubly infinite sum of 
Lemma 6.4 is absolutely convergent in the annulus \q/st\ < \z\ < \st/q\. 

The analogue of Lemma B.l is the following. 

Lemma B.4. With the notation of ^6.2 and ^6.3 and with the assumptions of Lemma 6.4 
and assuming n <0 we have 

00 

«,e„)(e„,<) = {strq-^^ ^ q'^^^^ Pm{q'+''';q,qs-',qt-^q\q') 

Tn=0 

for • G {P, C, 5} using the notation (B.2) for the Askey-Wilson polynomials. 

Proof. The proof is similar to the proof of Lemma B.l, but we have to choose the right 
form of the 2¥'i-series in order to have the 4(/?3-series balanced. We start with, cf (6.4), 



/ ('^-2A+2n „-2A+2n.„2\ 

(B.9) W.e„>(e„,<> = W".-^""^''^/ (^Un..;^.X..„.;.V ) 



00 
00 



„2+2A^-2 „2+2A \ /„2+2A„-2 „2+2A 

V ,0 I ^ t ; ? .2 -2n-2A \ I ^ ^ ,q o -2n-2A 

X2<^i( ^2^_2 ,q ,q 12^1 I ^2^_2 ,q ,q 



Note that for n < both 2<^i-series are absolutely convergent, since < q (or X as in 

Lemma 6.4. As in the proof of Lemma B.l we rewrite the product of the two 2¥'i-series as 



00 



m=0 



_ C„2+2A -2 2+2A. 2\ /„2+2A^-2 „2+2A „-2m „-2m„2 

n+A) W 7 9 ,<1 )m / •? , g , g , g . „2 „-4RX 

{q'',q^S-^-q^)m \ g2^-2, g-2m-2A52^ g-2m-2A 



and the 4(/?3-series is balanced if ?R.X = — |, i-e. for A corresponding to the principal unitary 
series. We can apply Sears's transformation [17, (2.10.4)] with a and d specialised to q'^'^'^^ 
and q^t~^ to rewrite this as, using 3?A = — |, 

°° /n-2m „2+2m^-2„-2 „2+2A „-A 

(B.IO) 2^q 4^3 { „2^-2 „2,-2 „2 '5 '5 

m=o V Q 1^ ,Q s ,q 

and the 4(/?3-series is the Askey-Wilson polynomial as in the lemma. Note that the square 
root of g-shifted factorials in (B.9) reduces to 1 for 3fJA = — |. This proves the lemma for 
the principal unitary series. 
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For the complementary series and the strange series we use Heine's transformation 
formula [17, (1.4.6)]; 



„2+2A„-2 „2+2A 
, y * 2 ^-2n-2A 

2^^! I ^2^-2 '^'^ 



(^2+2A-2n.^2)^ ^-2X^^-2X^-2 



,n I - - ■ r? ^2+2A-2n 

-2n-2A..2N ^^'l o o '^'^ 



(^-2n-2A.^2)^ y 

The theta product identity (2.9) can now be used to rewrite (B.9) as 



(B.ll) (<,e„)(e„,<) = (t.)>-2"(i-^+^), 



'(g-2A+2n^g2A+2n+2.g2)^ 



(^g2A+2n+2^g-2A+2n.g2)^ 



„2+2A^-2 „2+2A \ / ^-2^ ,7-2^^-2 

, y ^ iH 2 -2n-2X \ I y ' y * 2 2+2A-2n 

^2^il ^2^-2 J 2^1 1 ^2^_2 ;y,y + 



The product of the two 2V'i-series can be written as 

°° ('o2+2Ay--2 „2+2A.„2N /o-2^ o-2A„-2 „-2m „-2pf2 _ ' 

-2m(n+A) ly ^ ^Qjm ^1 ^ ,q , g o 2+2A-2A 

Z^^ y (^2^ ^2^-2. ^2)^ 4(^3 ^ ^2^-2^ ^-2m-2A^2^ ^-2m-2A ' « ' « 

and the 4(^3-series is balanced if q'^^ = q^^. Since this is the case for the complementary 
series and the strange series, we apply once more Sears's transformation [17, (2.10.4)] 
with a and d specialised to and q'^s~'^ to rewrite this sum as (B.IO) for A satisfying 

g2A _ ^2A Observe that q^^ = q^^ makes the square root of q'-shifted factorials in (B.ll) 
equal to 1. This proves the result for the complementary series and the strange series. □ 

We next employ the following qf-integral representation for the Askey- Wilson polyno- 
mials of (B.2); 

Pm{x;a,b,c,d\q) = {A{x; a, b, c; d\q)y^ f^' 

[ad; q)m 

(-Q12) X /^^'"'^ (^^^'^V^'"^'^^Vg'g)oo (y/^;g)m ( ^^^ \'^(iu 

Jox/d iadu/q,bdu/q,cdu/q;q)ooiabcdu/q;q)m^ " ^ ' 



A{x; a, b, c; d\q) 



Iqx/d {(^du/ q, bdu/q, cdu/q; q)oo {abcdu/q; q)m V q 
q{l — q) {x^,x~'^,q,ab,ac,bc;q)z 



d{x — x~^) {ax, a/x, bx, b/x, cx, c/x; q')oo ' 
where the g-integral is defined by, cf. (4.6), 

/•b t'b r-a r-c °Q 

/ f{x) dqx = / f{x) dqx - / f{x) dqX, / f{x) dqX = (1 - q)c J] f{cq'') q\ 

Ja Jo Jo Jo „-n 
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cf. §4.2. The q'-integral representation is in Exercise 7.34 of [17]. The proof consists of 
rewriting the q-integral into the form [17, (2.10.19)], which can be done in such a way that 
the very-well-poised 8V7-series is terminating. The terminating very-well-poised 8V7-series 
can then be rewritten as a terminating balanced 4(/73-series by Watson's transformation 
formula [17, (2.5.1)], which can be recognised as an Askey- Wilson polynomial in the form 
(B.2). 

Using (B.12) and Lemma B.4 we have for n < 



(B.13) «,e„)(e,,<) = {tsyq-^^A f 

Jo 



n^—2n A I 



2+2X (s '^u,ut 2,w;g2)oo 

(q^s-H-\q^/u 2 _2 \ 

where = A{q^'^^^;qs~^,q,qt~^;q\q^). Interchanging g-integrating and summation is 
justified, since all sums are absolutely convergent for n < because jg^"*"^^! < q and 
|^-2A| ^ ^ -^Yg next use (B.13) for the expression to extend the left hand side to 
the case n > by using the analytic continuation of the 2</'i-series in the g-integral of 
(B.13). The analytic continuation of the 2V'i-series is given by [17, (4.3.2)], a formula we 
already used for the c-function expansion of (A. 10). In this particular case the second term 
vanishes for n e Z and the factor in front of the remaining 2¥'i-series can be simplified 
using the theta product identity (2.9). This gives 

(q^S-H-^,q'^/u 2 -2n\ / 2 -2.-2xn ( q^ S'H''^ , q^ j U 2 2n 

(B.14) 2^1 n o^_o ;g = (Q- s ^ ) 2^1 o _o^_o \<l ,uq 



q^s H '^u J \ q'^s H ■'u 

For another way to see this, rewrite the left hand side using Heine's transformation [17, 
(1.4.5)] to recognise the g-Bessel coefficient behaviour. Next (2.10) provides the requested 
relation. 

Lemma B.5. For z in the annulus \q/st\ < \z\ < \st/q\ we have 

its) q {qz) 2<Pl[ 2^-2^-2^ '^^ ) + 

n= — oo \ y / 

V^/. N-n/ ( q'^S-H-'^,q^/u 2 2n\ 

}^{ts) (qz) 2<P1 ( 2^-2^-2^ ) 
n=l \ y / 

(1 - q^/s^t^) {q'^/s^t^, q^, qu/zst, quz/st; q^)oo 



(1 — q/zst){l — qz/ st) {q'^/zst, q'^z/st, q'^u/sH'^,u; q^)^ 
Proof. We can write the left hand side as 
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Both sums in parantheses are geometric sums and absolutely convergent for z in the an- 
nulus. The sums in parantheses equal 

(1 - Q2+4j/s2t2) 



(1 - Q2j+i/^st)(l - q^j+^zjst) 

(1 - q^jsH^) (1 - g2+4j/s2^2) (^/^^^^ ^2^ 



(1 — qj zst){\ — qzj st) (1 — q^ / s'^t'^) {q^/zst, q^z/st; q^)j 
Plugging this back gives the left hand side as a very- well-poised gy's-series; 

~ ^'/"'^'^ .W^iqVsH''; qz/st, q/zst, q^u; q\ u) = 



(1 - q/zst){l - qz/st) 

(1 - q^ /s^t^) {q^ /s^t^, g^, qu/zst, quz/st; q^] 



oo 



(1 — q/zst){l — qz/st) {q^/zst, q^z/st, q'^u/sH'^ ,u; g^)oo ' 

where we used the summation formula [17, (2.7.1)]. □ 

Combining (B.13) and Lemma B.5 we see that for z in the annulus as in Lemma B.5 
we have 

f- e )(e - .1 d-^V^'*') kV>'t',,WU 

.fr-^ ~ (l-l/zstni -qz/st) (qyzst,f>z/st;q^U 

^ p {uq^^'^^,uq~'^^,qu/zst,quz/st;q^)aQ ^ 

Jq2+2X {s-'^U,Ut-'^,U,U\q^)oo ^ 

The g-integral is of the same type as used for the Askey- Wilson polynomial, and it can 
be explicitly evaluated in terms of a very- well poised g^'y-series by [17, (2.10.19)]. The 
g-integral is equal to 

-2A/-, 2^ gV^', q'/s^ q^/sH'', q^-^^/zst, q^-^^z/st; q^), 



(g2+2A/s2^ g2+2A/^2^ ^2+2A^ g-2A/s2^ q-2\^t2^ q-2\ ^ q-2\^ ^2-2A/s2^2. ^2)^ 
X sWr{q-''/sH'; q-'^/s\ q'^^ /t\ q-'\ qz/st, q/zst; q\ q'+''). 



Plugging this back in and using the value for A proves Lemma 6.4 for z in the annulus 

\q/st\ < \z\ < \st/q\. □ 
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